ALGEBRAIC VARIETIES

LECTURE NOTES

H.A. NIELSEN

DEPARTMENT OF MATHEMATICAL SCIENCES
UNIVERSITY OF AARHUS
2003






Algebraic Varieties

H.A. Nielsen






Contents

Prerequisites

Chapter I.  Affine rings

1. Hilbert’s basis theorem

2. Noether’s normalization theorem

3. Hilbert’s Nullstellensatz

4. The polynomial ring is factorial

5. Krull’s principal ideal theorem

6. Differentials and derivations

7. Primitive elements
8. Integral extensions of affine domains
9. Nakayama’s lemma and Krull’s intersection theorem
10. The power series ring

Chapter II.  Algebraic varieties
1. Affine space

Projective space

Varieties

Product of varieties

Rational functions

Dimension of varieties

Finite morphisms

Fibre of morphisms

9. Local ring and tangent space

10. Nonsingular varieties

11. Normal varieties

12.  Flat morphisms

PN R WD

Chapter III.  Algebraic curves
1. Local ring
2. Divisor
3. Riemann’s Theorem
4. Rational differential and canonical divisor
5. Riemann-Roch Theorem
6. Zeuthen-Hurwitz formula
7. Plane curves
8. Morphisms to projective space
9. Weierstrass points
10. Automorphisms

Examples and comments
1. Non affine variety
2. Bijective morphism
3. Finite morphism

17
17
18
19
21
22
23
24
26
27
29
31
32

35
35
36
37
38
41
42
43
44
45
45

47
47
48
48



PNk

9.

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.

Constructible set
Connected variety
Morphism of projective space
Big fibre
Big tangent space
Algebraic group
Projective line
Conic
Elliptic curve
Morphism of a cubic curve
Hyperelliptic curve
Fermat curve
Genus formula
Automorphism
Grassmann variety
Secant and tangent variety
Determinantal variety
Jacobian question

Bibliography

CONTENTS

49
49
49
50
50
51
51
52
52
53
53
54
54
55
55
56
56
56

57



Prerequisites

Here is a list of facts to use without notice.

e Basic notions from algebra, such as groups, rings, fields and their homomor-
phisms.

Elementary ideal theory and factor rings, prime and maximal ideals.
Polynomial rings, power series rings and principal ideal domains.

Integral domains and the construction of fractions.

The notion of field extensions.

Linear algebra, bilinear forms, matrices and determinants.

A special choice has been made, that the material is presented without modules. This
affects a few standard formulations of popular propositions. More seriously this means
that there is neither homological nor sheaf theoretic methods available.

The propositions are stated complete and precise, while the proofs are quite short. No
specific references to the literature are given. But lacking details may all be found at
appropriate places in the books listed in the bibliography.

The last part is sporadic, informal and only initiates the study of concrete objects. In an
elaborate form this should have been included in the ordinary text.

Nielsen, University of Aarhus, Summer 2003






CHAPTER 1

Affine rings

All rings are commutative with 1.

1. Hilbert’s basis theorem

Definition 1.1. A ring is noetherian if every ideal is finitely generated. A factor ring of a
noetherian ring is noetherian.

Proposition 1.2. Let A be a noetherian ring. Any nonempty set of ideals contain members
maximal for inclusion. If A is nonzero, then it contains a maximal ideal.

Proof. If a set of ideals does not contain a maximal member then choose an infinite as-
cending chain I; C Iy C .... The union U/, is finitely generated giving I; = I;;1 for
large i. By contradiction maximal members exist. (]

Definition 1.3. For an ideal I in a ring A the radical is
VT = {a € Ala™ € I for some n}
A ring is reduced if /0 = 0.

Proposition 1.4. Let A be a noetherian ring. The radical of an ideal I is the intersection
of all prime ideals containing I. High powers of the radical are contained in the ideal
itself

(VI cI
Proof. Assume q is not in the radical of I. By 1.2 there is an ideal maximal among the

ideals containing I and not containing any power of a. This is a prime ideal excluding a.
The inclusion follows as the radical is finitely generated. O

Proposition 1.5. Let A be a noetherian ring. Then the ring of polynomials A[T] is noe-
therian.

Proof. Assume I C A[T] to be anot finitely generated ideal. Choose a sequence f1, fa,- - - €
I such that
fi= adei + terms of lower degree , a; # 0

and f;1 has lowest degree in I — (f1, ..., f;). The ideal of leading coefficients is finitely

generated by as,...,an. apy1 =b1a; + -+ +bpay anddy < -+ < dp 11 = d gives
fn+1 - ble_dlfl — ban_dnfn
inI—(f1...,fn) of degree less than d. By contradiction the ideal I is finitely generated.
d

Proposition 1.6. Let A C B be a ring extension. Let J C Acy + -+ + Ac,, C Bbea
subset satisfying AJ C J. If A is noetherian, then there are by, ..., b, € J such that
J=Aby + -+ Abp,.

Proof. J is identified with an ideal in a factor ring of A[T},...,T,], which is noetherian
by 1.5. O
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Definition 1.7. Let k be a field. For an ideal I of the ring of polynomials k[T, ..., T,]
the factor ring k[T1,...,T,]/I is an affine ring. A homomorphism of affine rings is the
identity on the field k.

Theorem 1.8 (Hilbert’s basis theorem). An affine ring is noetherian.

Proof. Follows from 1.5. O

Definition 1.9. Let A be an integral domain with fraction field K. For a subset S of A
excluding 0 the fractions with denominators a finite product of elements from S is a subring

AcS'AcK

called the localization. Contraction of ideals identify prime ideals in S~'A with prime
ideals in A excluding S. If Q C S~'A and P = A N Q then the fraction fields of A/P
and S~1A/Q are identified.

Proposition 1.10. Let A be a noetherian integral domain, then any localization S~ A is
noetherian.
If A is an affine ring and S = {s}, then the localization

S™1A ~ A[T)/(sT — 1)
is affine.

Proof. For anideal J in S~! A generators of AN .J will generate .J. Affinity follows from
L.5. d

2. Noether’s normalization theorem

Definition 2.1. Let B be aring containing a subring A. An element b € B is integral over
A if it is root in a monic polynomial with coefficients in A. By Cramer’s rule an element b
is integral over A if and only if there are finitely many elements b1, ..., b, € B such that

1,bby,...,bb, € Aby + --- 4+ Ab,

The set of elements integral over A is a subring called the integral closure. B is integral
over A if every element in B is integral over A. If A is a field, integral is usually called
algebraic and a polynomial relation of least degree is called minimal. A finitely generated
integral extension A C B is called finite, since there is a finite set by,...,b, € B such
that

B=Aby + -+ Ab,

and conversely an extension satisfying the claim is finite. Clearly, if A C Band B C C
are finite then A C C is finite.

Proposition 2.2. Let K be a field and p(T) a polynomial in K[T|. Then there is a finite
field extension K C L such that p(T) factors in linear factors in L[T).

If K C Ly and K C Lo are finite field extensions then there is a finite field extension
K C L such that L1 U Ly C L.

Proof. Assume p(T) irreducible. In L = K[U]/(p(U)) the class of U is a root of p(T).
O

Definition 2.3. A field K such that any polynomial in K[T] factors in linear factors is
called algebraically closed. It follows that any field has an algebraic extension field which
is algebraically closed.

Proposition 2.4. Let an integral domain B be integral over a subring A. Then A is a field
if and only if B is a field.
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Proof. Let A be a field, a minimal equation for a nonzero b € B
b+ +ag=0
gives
bt = —ag(an 10"+ +a))€B
Let B be a field, an integral equation for the reciprocal of a nonzero a € A
a "4+ 4+a=0

gives
at=—(apa" '+ ta, 1) €A

O

Proposition 2.5. Let K be a finitely generated field over a subfield k. Then there exist a
unique number n and a set of elements t1, . .., t, € K such that the ring k[t1, ..., t,] isa
polynomial ring and K is finite over the fraction field k(t1, . .., t,).

Proof. Let t1,t2,... be a finite set of generators and ¢4, ...,%¢, a maximal subset such
that k[tq,...,t,] is a ring of polynomials. Then K is algebraic over the fraction field
k(t1,...,t,). Foranother set uy, ..., u,, satisfying k[u, ..., u,,] is a ring of polynomials
and K is algebraic over the fraction field k(uq,...,u,,) we may assume n < m. For
n = 0, K is algebraic over k, so m = 0. If 0 < n then there is a nonzero polynomial
f € k[Th,...,Tn,Up] such that f(t1,...,t,,u1) = 0. Since uy is not algebraic over
k we get after renumbering, that the set uq,to,...,t, satisfy k[ug,...,t,] is a ring of
polynomials and K is algebraic over the fraction field k(u1, .. ., t,). Exchanging the field
k with k(uq) gives by induction after n that n — 1 = m — 1 and uniqueness follows. [

Definition 2.6. The set of elements in 2.5 is a transcendence basis and the number of
elements in such a set is the transcendence degree denoted

trdeg;, K
A set of elements ¢4, . . ., t,, generating a polynomial ring is called algebraically indepen-
dent and the extension k C k(t4, ..., t, is pure transcendental.

Theorem 2.7 (Noether’s normalization theorem). Let k be a field and A an affine ring
over k. Assume that A is an integral domain and let K be the fraction field. Then there
exist elements ty,...,t, € A such that ty,...,t, is a transcendence basis of K over k,
and A is integral over the subring of polynomials k[tq, . .. t,].

Proof. Letty,...,t, € A be a minimal set such that A is integral over k[t1,...,t,]. If
f € k[Th,...,T,] is a nonzero polynomial of degree less than d in every variable with
f(t1,...,t,) = 0, then the substitutions

Uy =Ty T8, Upy =Ty — T
give a polynomial
FUL T Upy + T4 T € k[UL, ..., Un1, Ty

Any monomial T 1(1 ... Td gives amonomial in T}, over k[U7, . .., U,_1] of unique degree
dyd" 14 - -+d, as seen by d-adic expansion. This makes t,, integral over k[u1, . . ., up_1]
and contrasts the minimality of n, showing that ¢4, ..., %, is a transcendence basis. (I
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3. Hilbert’s Nullstellensatz

Theorem 3.1 (Hilbert’s Nullstellensatz). Let k C K be a field extension. If K is an affine
ring over k, then K is finite over k.

Proof. By noetherian normalization 2.7 find ¢4, ...,t, such that K is integral over the
subring of polynomials k[t1,...,t,]. By 2.4 k[t1,...,t,] is a field. It follows that n = 0
and K is algebraic over k. U

Proposition 3.2. If ¢ : A — B is a homomorphism of affine rings over k and N is a
maximal ideal in B, then ¢~*(N) is a maximal ideal in A.

Proof. By Hilbert’s Nullstellensatz k — B/N is finite. Then the extension A/¢~1(N) C
B/N is integral giving maximality by 2.4. t

Theorem 3.3. Let k be an algebraically closed field. Any maximal ideal of the ring of
polynomials k[T, . .., T,] has the form

(Th —t1,..., T — tn)
for a unique sequence ty ... t, € k.

Proof. An ideal of the given form is maximal. If M is a maximal ideal, then the factor ring

E[Ty,...,T,]/M
is an affine field extension of the constants k. Since k is algebraically closed it follows from
Hilbert’s Nullstellensatz 3.1 that this extension is trivial. There exists unique ¢, ...,t, € k
such that

tZ:T1+M, izl,...,n
showing
(Tlftl,...,Tnftn)CM
O

Proposition 3.4. The radical of an ideal in an affine ring is the intersection of maximal
ideals.

Proof. By 1.4 it is enough to show that the zero ideal in an affine integral domain is the
intersection of maximal ideals. Let f be nonzero in the affine domain A over k. The affine
ring B = A[T]/(fT —1) is nonzero and therefore contains a maximal ideal N. By 3.1 the
field B/N is finite over k and then integral over the domain A/A N N. By the 2.4 AN N
is a maximal ideal of A, which by construction avoid f, so the intersection of all maximal
ideals is zero. O

Proposition 3.5. An affine ring A over k is a finite dimensional k-vector space if and only
if there are only finitely many maximal ideals M, ..., M,. In the finite dimensional case
all prime ideals are maximal and

0=M...Mir=M*n---NMr
A~ A/M] x - x AJ/Mr

Proof. An integral domain finite dimensional over £ is a field so prime ideals are maximal.
Since My N---NM; ¢ M;y; there are only finitely many maximal ideals. A high power

of the radical (M N---NM,)* = 0. Let ¢; be given such that M;] = M;jH and conclude
by the Chinese remainder theorem below. (]

Proposition 3.6 (Chinese remainder theorem). Let ideals I, . .., I} in a commutative ring
A satisfy I, + Iy = Aforr # s.
(1) Forxy,...,x, € Athereisax € A, suchthatx — x, € I. forr=1,... k



4. THE POLYNOMIAL RING IS FACTORIAL 11

2
LIy =IinNn---N1I

(3) The product of projections
A/l - Iy — A/ x -+~ x A/ I}
is an isomorphism.
Proof. (1)Choose a, € I and b,. € I, such that a,- + b, = 1. The product
(ag+bo)...(ap +br)=1€e 1+ 11

Similarly choose u,. € I, and v, € Hs# I, withu, +v, = 1. Letx = z1v1 4+ - - + 2,0,
(2) For z in the intersection assume by induction that x € Is---I;. From (1) x =
u1x + xvy contained in the product. (3) Subjectivity follows from (1) and the kernel is
the intersection. [l

4. The polynomial ring is factorial

Definition 4.1. Let A be a unique factorization domain and let f = a,,7™ + - -- + ag be
a polynomial over A. Then the content of f, c(f), is the greatest common divisor of the
coefficients ag, . .., ay,.

Proposition 4.2 (Gauss’ lemma). Let A be a unique factorization domain. For polynomi-
als f,g € A[T)

c(fg) = c(f)elg)

Proof. Assume by cancellation that ¢(f), c¢(g) are units in A. For any irreducible p € A
the projections of f, g in A/(p)[T] are nonzero. Since A has unique factorization the ideal
(p) is a prime ideal. It follows that the projection of the product fg in A/(p)[T] is also
nonzero and therefore p is not a common divisor of the coefficients of the product fg. [

Proposition 4.3. Let A be a unique factorization domain. Then the ring of polynomials
A[T) is a unique factorization domain.

Proof. Let K be the fraction field of A, then the polynomial ring K[T] is a principal
ideal domain. Let f € A[T] and use unique factorization in K[T] to get a € A and
P1,...,Pn € A[T), irreducible in K [T, such that

af =pi...pn
Assume by 4.2 that a = 1 and ¢(p1), . . ., ¢(py,) are units in A. Apply 4.2 once more to see
that py, . .., p, are irreducible in A[T]. Uniqueness follows by cancellation. O

Theorem 4.4. Let k be a field. Then the polynomial ring k[T, ..., T,] is a unique factor-
ization domain.

Proof. Follows by induction from 4.3. (]

Definition 4.5. An integral domain is normal if the integral closure in the fraction field is
the domain itself. The integral closure in a field extension of the fraction field is a normal
ring called the normal closure.

Proposition 4.6. A unique factorization domain is normal.

Proof. 1f a fraction { satisfies

(%) +an71(%)n71 +obag=0

it follows that any prime divisor in b divides a, so by cancellation b is a unit. U
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5. Krull’s principal ideal theorem

Proposition 5.1. Let A be an affine integral domain over a field k with fraction field K.
Let P be a prime ideal of A and let k(P) denote the fraction field of A/ P. If P is nonzero
then

trdegy, k(P) < trdeg;, K

Proof. Assume n = trdeg, K and let ¢1,...,t, € A project to {y,...,t, € A/P. For
t € P nonzero there is an irreducible polynomial f € k[T4, ..., Ty, T] such that
f(tl, . ,tn,t) = O, inA
This gives
f(Tl, AP ,Tn,O) 7é 0, in k[Tl, [ 7Tn]
f(t1,...,1,,0) =0, in A/P
so trdeg;, k(P) < n. O

Proposition 5.2. Let A be an affine ring over a field k. Then

(1) Any prime ideal in A contains a minimal prime ideal.
(2) There are only finitely many minimal prime ideals in A.

Proof. (1) By 5.1 any descending chain of prime ideals will stop. (2) If the set of ideals
such that the factor ring have infinitely many minimal prime ideals is nonempty, it contains
a maximal member with this property by 1.2. In this factor ring there are only finitely many
minimal prime ideals containing a given nonzero ideal. There exist nonzero elements a, b
with product ab = 0. A minimal prime must contain either a or b so there is only finitely
many of these. In conclusion there are only finitely many minimal prime ideals in an affine
ring. t

Proposition 5.3. Let P,,..., P, be ideals in a ring A with at most 2 not being prime
ideals. If an ideal I C Py U ---U P, then I C P; for some 1.

Proof. Assume by induction on 7 > 1 that I is not contained in any subunion. Then choose
aj € INP; —Ujx; P
giving the element
ar +ai...ap-1

in I but not in any P;, contradicting the hypothesis. U
Theorem 5.4 (Krull’s principal ideal theorem). Let A be an affine integral domain over a
field k with fraction field K. Let P be a prime ideal of A and let k(P) denote the fraction
field of A/P. If P is minimal among the prime ideals of A containing a nonzero element

f € Athen
trdeg, k(P) = trdeg,, K — 1

Proof. Let Py, ..., P, be the other minimal primes over f andletg € P; ... P;— P. After
exchanging the ring A with A[T]/(¢gT — 1) we may assume that P is the only minimal
prime over f. By Noether’s normalization Theorem 2.7 choose t1,...,t, € A such that
klt1,...,t,] is a polynomial ring and A is integral over this subring. Let

fm +am_1fm71 +---+ap, a; € k[tl,...,tn]
be a relation of least degree, then
ap=—(f""t+ - ta)f € PNklt,. .., t]

If c € PNE[ty,...,t,] thenby 1.4 ¢" = uf for some u € A. The k(ty,ta,...,t,)-linear
map K — K,z +— c"x has a determinant which factors, e = dimy;, .. ¢,.) K,

¢ =detc" =detudet f =detu iag/m
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The least degree relation for u shows det u € Asodetu € ANk(ty,..., t,) = k[t1,...,ts),

since k[t1, . .., t,] is normal by 4.6. This shows that PNk[t1, ..., t,] is the unique minimal
prime over ag in the ring k[t1, ..., t,]. Since a polynomial ring is a unique factorization
domain the ideal P N k[ty,...,t,] is a principal ideal generated by an irreducible polyno-
miald € PNklty,...,t,]. After renumbering assume that d is a nonconstant polynomial in
t,, then unique factorization gives that the projections of 1, ..., ¢,_1 in k[t1,...,t,]/(d)
generate a polynomial ring, so trdegy, k[t1,...,t,]/(d) > n — 1. Together with 5.1 this
gives the claim. O

Proposition 5.5. Let k be a field and A an affine ring over k being an integral domain
with fraction field K. Then any chain of prime ideals has the maximal length equal to the
transcendence degree of K over k.

Proof. Follows from Krull’s principal ideal theorem 5.4 by induction on trdeg; K. (]

6. Differentials and derivations

Definition 6.1. Let K C L be a field extension. An algebraic element ¢t € L is separable
over K if the minimal polynomial f(7") for ¢ has no multiple roots, that is the derivative
f'(t) # 0. If every element is separable, the extension is separable . If no element outside
K is separable, the extension is purely inseparable.

Definition 6.2. Let k£ C K be a field extension. The space of k-differentials of K is the
K-vector space
O (K) = ®rex Kdt/(da,d(u + v) — du — dv, d(uv) — vdu — udv)
a € k,u,v € K generate the relations.
A k-linear map D : K — V to a K-vector space V is a k-derivation if
D(uv) = vD(u) + uD(v), u,v € K
The k-linear map d : K — Q(K), t — dt is the universal k-derivation on K, that

is any derivation D : K — V is the composite D = ¢ o d for a unique K-linear map

Proposition 6.3. Let k C K C L be field finitely generated extensions.
(1) There is a natural isomorphism of L-vector spaces
O (L) /L (K) ~ Q (L)
(2) For a finite separable extension K C L
dimy, Qx (L) = dimg Q. (K)
(3) For a pure transcendental extension K C K(T)
dimg 7y Qe (K(T')) = dimg Qp(K) + 1
(4) For a finitely generated extension K C L
dimy, Qx (L) > dimg Qx(K) + trdegy L
Proof. (2) A derivation D : K — K has a unique extension to L. O

Theorem 6.4. A finitely generated field extension k C K is finite and separable if and
only if

Q(K)=0
Proof. If k C k(t) is finite and ¢ not separable, then the minimal polynomial f(7") has
derivative f/'(T') = 0. There is a well defined nonzero derivation on &[T/ (f(T)) = k(t)
given by

Dt =it
In general filter the extension by adding one generator at a time. U
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Theorem 6.5. Let k C K be a finitely generated field extension of trdeg;, K = n. Ele-
ments tq,...,t, € K is a transcendence basis for K over k and k(t1,...,t,) C Kisa
finite separable extension if and only if

dty,...,dt, € Qr(K)
is a K-basis.

Proof. Letty,...,t, € K be a transcendence basis and let k(t1,...,t,) C K be separa-
ble. By 6.4 dty,...,dt, is a basis.

Ifdt,,...,dt, is abasis, then t1, ..., ¢, is a transcendence basis.

If k(t1,...,tn) C K is not separable then by 6.4 Q4 . ¢ K # 0and diy, ..., dt, will
not generate ;(K), giving a contradiction. O
Definition 6.6. The set of elements %1, ..., t, in 6.5 is called a separating transcendence

basis . A such exists if and only if
dimy, Qx(K) = trdeg;, K
Proposition 6.7. Let k C K be a finitely generated field extension. If char(k) = 0 or k is
petfect, i.e. char(k) = p and kP = k then
dimg Qk(K) = trdeg;, K
and there exists a separating transcendence basis t1, . . . ,t, € K for K over k.
Proof. If char(k) = p any polynomial in k[T?] is a p-th power in k[T. O
7. Primitive elements

Theorem 7.1 (Primitive element). Let K C K(t1,...,t,) be a finite field extension. If
ta, ..., t, are separable over K, then there exists a primitive element v such that

K(U):K(tla"'atn)

Proof. The group of nonzero elements in a finite field is cyclic, so K may be taken infinite.

The case K C K (t,u), u separable suffices. Let ¢1, ..., t,, and u1, ..., u, be the roots of

the minimal polynomials f and g of ¢ and u. Let s € K be different from the elements
ti—t; .,
—— i £k #l
U — Uy

Then v = t + su is a primitive element. « is the only common root in the polynomials

9(T), f(v—sT) € K(v)[T]
As u is not a multiple root, we get that the greatest common divisor of the polynomials is
T —u € K(v)[T]. Therefore t,u € K(v). O

Theorem 7.2. Let k be an algebraically closed field and A an affine domain over k with
fraction field K. Then there exist a transcendence basis t1, . .., t, € Afor K over k, such
that A is integral over the subring of polynomials k[t1, . .., t,] and the field extension

k(th,...,tn) C K
is a finite separable extension.

Proof. Letty,...,t, € Abeatranscendence basis from Noether’s normalization Theorem
2.7. If g(t1,...,tn,tnt1) = 0 is an irreducible polynomial equation for an element in
tnt1 € K, then dg/0u; # 0 for some i else p is the characteristic of k and g is a p-power
contradicting irreducibility. Renumbering elements and using the substitutions

ui:ti—tfm, m >> 0

as in the proof of Noether’s normalization, give that the extension k(¢1,...,t,) C K is
separable after finitely many steps, by 7.1. U
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Proposition 7.3 (Liiroth). If k C K C k(t) is a subextension of trdeg,, K = 1, then there
is uw € K such that
K = k(u)
Proof. Let
fTU) = an(T)U" + -+ a1 (T)U + ao(T)

be a polynomial in k[T, U] N K[U] of least degree in U with ¢ as root. Set

_ai(t) _9(T)

~ o) TR
g(T), h(T') with no common factors. Then by Gauss’ lemma 4.2

WT)g(U) = g(T)(U) = f(T,U)q(T,U)

By degree considerations it follows that ¢(7',U) € k and therefore deg g(T') = n. Then
conclude by

T =t

dimy,,) k(t) <n

8. Integral extensions of affine domains

Proposition 8.1. Let A be a normal domain with fraction field K.
(1) Let f,g € K[T] be monic. If fg € A[T] then f,g € A[T).
(2) If u in some field extension K C L is integral over A, the minimal polynomial
forwover K isin A[T).
(3) A[T] with fraction field K (T') is normal.

Proof. (1) In an algebraic closure of K the roots of fg are integral over A and therefore
also the coefficients of f, g. (3) By 4.6 K[T] is normal. For P(T) € KT integral over
A[T] use (1) on P(T') + T™ for large m. O

Proposition 8.2. Let A be a normal affine domain with fraction field K. Assume g € K
such that
P={feAlfge A}
is a prime ideal and let k(P) denote the fraction field of A/ P. Then
trdeg k(P) = trdeg, K — 1

Proof. If gP C P then g is integral over A and P = A is not a prime ideal. So there
exists t € P such thattg € A — P. Inthe ring A[T]/(gtT — 1) the induced ideal P = (¢),
conclude by Krull’s principal ideal Theorem 5.4. U

Proposition 8.3. Let A be a normal domain with fraction field K and let B be the normal
closure of A in a finite separable field extension K C L. Then the extension A C B is
finite.

Proof. By 7.1 L = K(v), v € B with monic minimal polynomial f(T") € A[T]. Letv =

v1,...,0, be the roots. The square of the van der Monde determinant of these elements
. n—1 .
d#0in A. Sou; = %, up = %,..., u, = L give the statement. O

Theorem 8.4. Let A be a affine domain over a field k with fraction field K and let B be
the normal closure of A in a finite field extension K C L. Then the extension A C B is
finite and B is an affine domain over k.

Proof. Assume by Noether’s normalization theorem A = k[T1,...,T,] is a polynomial
ring. If K C L is separable, the conclusion follows from 8.3. If u € L is not separable
over K, then the minimal polynomial has form f (Tpm), where p is the characteristic of
the ground field k and u?"" is separable over K. Reduce to the separable case by changing

to A=k[TP ",..., TP "] O
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9. Nakayama’s lemma and Krull’s intersection theorem

Theorem 9.1 (Nakayama’s lemma). Let A C B be a ring extension andlet J = {b1,...,b,} C

B be a finite set. Assume that M C A is an ideal satisfying
MJ=AJ
(1) There is an element a € M such that (14 a)J = 0.
(2) Ifall elements 1 + a , a € M are nonzero divisors on J, then J = {0}.
Proof. (1)
b; = Zaijbj , G5 € M
J
By Cramer’s rule
(1—ai)bi:0, a; €M
and
L+a=TL(1+a;)
(2) Cancellation give all b; = 0. O

Theorem 9.2 (Krull’s intersection theorem). Let M be an ideal in a noetherian ring A
such that the elements 1 + a, a € M are nonzero divisors. Then

(M" =0
Proof. Let M = (uy,...,Up). If b € M™ then

b = fn(ul,.. .,um)

where f,, € A[T1,...,T,,] are homogeneous of degree n. By Hilbert’s basis theorem, 1.5
there is [V such that

Inr=figr -+ fagn
where g,, is homogeneous of degree N — n + 1. By substitution

b=ab,ae M
giving b = 0. ]
Proposition 9.3 (Going-up). Let A C B be a finite ring extension and let M be a maximal

ideal in A. If B is noetherian there is a maximal ideal N in B contracting M = AN N.

Proof. M B # Bby9.1. (]

Proposition 9.4 (Going-down). Let A C B be a noetherian domain integral over a normal
subring. For maximal ideal N in B and a prime ideal P C AN N in A there is a prime
ideal Q@ C N in B contracting P = AN Q.

Proof. 1f
st¢ PB, foralls€¢ A— P, t€ B— N

then choose () maximal in the set of ideals in B containing PB and not containing any st.
Let K C L be the fraction fields. Let st € P B have minimal polynomial over A

(s)™ 4+ ap_1(st)" P+ 4+ ap=0
SO ap_1,...,a9 € P. Since A is normal and

G — a
t”+n71t”71+~-~+%0:0
S SIL

is the minimal polynomial for ¢ over K it follows that = ... 92 € A. As s ¢ P this
gives t" € PB. So by contradiction st ¢ PB. O
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10. The power series ring
Proposition 10.1. Let k[T, ..., T,]] be the power series ring over a field k. Assume
f(0,...,0,T)=asTs+..., as #0

(1) Forany g € k[[T},...,T,]] there are unique u € k[[T1, ..., T,]] and
bo,...,bs_1 € ki[[Tl, ce ,Tnfl]] such that

g=uf+ o+ +bs_1T51)

(2) There are unique unitu € k[[T1,...,Ty]] and by, ...,bs—1 € k[[T1, ..., Tn-1]]
such that
f = U(bo +ot bS—lTiil + TS)
Proof. (1) Let M be the k[[T1,...,T,—1]]-linear map
MO aTh) = ayl;
Using f = (f — M(f)T;) + M(f)T;, u must satisfy
M(g) = M(uf) = M(u(f = M(f)T7)) + uM(f)
The linear map
uM(f) = M(u(f = M(f)T3)) + uM(f)

is sum of the identity and a linear map with image in the ideal (73, . ..,T,,—1). It is invert-
ible and therefore give the claim. (2) By (1)

T5=u'f—(bo+ - +b1T5 ")

Proposition 10.2. The power series ring k[[T1, . .., T,]] over a field k is noetherian.

Proof. Assume by induction and 1.5 that k[[T}, ..., T,—1]][T%] is noetherian. Let I be an
ideal. After a change of variables

Uy=T, —T%" .. Upy =Ty q—T¢
we may assume f € [ satisfying the hypothesis of 10.1. Any g € I has a presentation
g=uf+by+-+bs_1T5!
with by + -+ + bs_1T5~1 € I. By 1.6 the intersection
IOK[Ty, ..., Toa]l+ -+ k[[T1, ..., T |5
is generated by finitely many elements. These together with f generates I. U

Theorem 10.3. Let k be a field. Then the power series ring k[[T1, ..., T,]] is a unique
factorization domain.

Proof. Assume by induction and 4.3 that k[[T1, ..., T,—1]][T5] has unique factorization.
By 10.2 there is an irreducible factorization. To see that if an irreducible element f|gh then
flg or f|h, make a change of variables

Up=T, — T .. Upy =Ty y— T

such that the product fgh satisfy the hypothesis of 10.1. Then the elements f, g, h are
associated to elements in k[[T7, ..., T,,—1]][T,] and the result follows from the induction
hypothesis. (I






CHAPTER II

Algebraic varieties

k is a fixed algebraically closed ground field.

1. Affine space

Definition 1.1. The affine n-space A" is the coordinate space k™ together with the set
of polynomial functions k[X7, ..., X,]. For a set of polynomials S in k[X7, ..., X,] the
subset of A™ of solutions

V(S)={x € A"|f(z) =0, forall f € S}

is a (closed) affine set. For any subset X of A" the ideal of polynomials vanishing on X
is denoted

I(X)={f€ek[Xy,...,X,]|f(x) =0, forall z € X}
If X is an affine set, then the affine ring
KIX] = K[X3,..., X,]/I(X)
is called the affine coordinate ring of X.

Proposition 1.2. Let X be an affine set. The maximal ideals in the affine coordinate ring
k[X] are exactly the ideals of the form

(X1 —z1,..., Xp —xp), (1,...,2,) €X

Proof. Forany (x1,...,2,),[(X) C (X1—21,...,Xp—z,)ifand onlyif f(z1,...,z,) =
0 forall f € I(X). By Hilbert’s Nullstellensatz, 1.3.3 this handle all maximal ideals. [

Theorem 1.3. The ideal of an affine set V (S) is the radical of the ideal generated by S.
I(V(S)) = {f|f™ is in the ideal generated by S}

Proof. 1(V(9)) is its own radical, so by 1.3.4 it is the intersection of all maximal ideals
containing it. By 1.2 this is exactly the maximal ideals containing S. U

Definition 1.4. Given an affine set X, an open subset is a set of the form X — Y , where
Y is an affine set in the same affine space. The open subsets give a topology on the set X
called the Zariski topology. The closed subsets are the affine subsets.

Definition 1.5. Let U be an open subset of an affine set X, a function f : U — k is regular
atu € U, if there exist elements g, h € k[X] such that h(u) # 0 and f(v) = g(v)/h(v)
forallv € U — V(h). f is regular if it is regular at every u € U. The regular functions
on U give a ring denoted

T(U)

Proposition 1.6. Let X C A" be an affine set. The ring of regular functions is the affine
coordinate ring
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Proof. If f = g./h, is regular at every x € X, then by Hilbert’s basis theorem 1.1.8 the
ideal generated by the denominators h, is finitely generated by hi,...,h,, and fh? =
gih1, ..., fh2, = gmhm. Since h,(z) # 0, by 1.2 the ideal (hq, ..., h,,) is the whole
ring, so 1 = alh% + -+ amhfn for some ay, ..., a,,. This gives f = a;g1h; +--- +
A Gmhm € k[X]. O

2. Projective space

Definition 2.1. The projective n-space P" is the coordinate space k" — {0} modulo the
equivalence relation

(xo,.-y2n) ~ (Azo,..., Azp), A € k— {0}

together with the set of homogeneous polynomial functions k[ Xy, ..., X,]. For a set of
homogeneous polynomials of positive degree .S in k[ Xy, ..., X,,] the subset of P™ of so-
lutions

V(S)={xz e P"|f(x) =0, forall f €S}

is a (closed) projective set. For any subset X of P” the homogeneous ideal of polynomials
vanishing on X is denoted

I(X)={f € k[Xo,...,Xy]|deg f >0, f(x) =0, forallz € X}
If X is a projective set, then the graded affine ring
E[X] = k[Xo,..., Xs]/I(X)
is called the homogeneous coordinate ring of X.
Proposition 2.2. Let X be a projective set. Then X is empty if and only if the ideal
I(X) =(Xo,...,Xn)

Proof. X C P is empty if and only if the affine set V(I(X)) = {0} C A""L. So the
statement follows from 1.2. O

Theorem 2.3. The homogeneous ideal of a projective set V(S) is
I(V(S)) = {f|f™ is in the ideal generated by S}
Proof. Follows from 1.3 applied to the affine set V/(S) ¢ AT, 0

Definition 2.4. Given a projective set X, an open subset is a set of the form X —Y , where
Y is a projective set in the same projective space. The open subsets give a topology on the
set X called the Zariski topology. The closed subsets are the projective subsets.

Definition 2.5. Let U be an open subset of an projective set X, a function f : U — k is
called regular at « € U , if there exist homogeneous elements g, h € k[X] of the same
degree such that h(u) # 0 and f(v) = g(v)/h(v) forallv € U — V(h). f is regular if it
is regular at every u € U. The regular functions on U give a ring denoted

T(U)

Proposition 2.6. Let X C P" be a projective set. The ring of regular functions is a finite
product of copies of the field k

NX)=kx---xk
Proof. See 3.10 below. O
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3. Varieties

Definition 3.1. An (algebraic) variety is an open subset of either an affine set or a pro-
jective set together with the Zariski topology and the rings of regular functions. An affine
variety is a full affine set and a projective variety is a full projective set.
An (algebraic) morphism of varieties is a map f : X — Y transforming by composition
regular functions on Y to regular functions on X . That is

(1) f is continuous.

(2) For an open subset of V of Y and a regular function g : V' — k the composite

go f: f~YV) — kis aregular function.

Definition 3.2. A nonempty closed subset of a variety is irreducible if it is not the union
of two smaller closed subsets. A nonempty open subset of an irreducible variety is a dense
subset and an irreducible variety. The closure of an irreducible subvariety is irreducible.
Maximal closed irreducible subsets are called irreducible components.

Proposition 3.3. Let X be a variety.

(1) Any nonempty set of closed subsets contain minimal elements.
(2) There is a decomposition

X=X1U---UX;,
into irreducible components, unique up to order.

Proof. (1) A variety is of the form V(I) — V(J), J C I, so closed subsets correspond
to ideals between I, J in a noetherian ring. Such a set contains maximal elements giving
minimal closed subsets. (2) If there is a subset which is not a finite union of irreducible
subsets, then by (1) there is a minimal such. This is union of two smaller sets each then
being a finite union of irreducible subset giving a contradiction. If Y is in a decomposition
then for some ¢, 7 X; C Y and Y C X giving uniqueness. (]

Proposition 3.4. An affine or projective variety X is irreducible if and only if the ideal
I1(X) is a prime ideal. The irreducible components of X correspond to the minimal prime
ideals containing I1(X).

Proof. 1f the product of two ideals is contained in a prime ideal, then one of the ideals is

contained in the prime ideal. This fact gives the statement. (]

Proposition 3.5. Let X be a variety. Morphisms X — A" are exactly the regular functions
on X.

Proof. Let f € T'(X), it suffices to show that the subset f~1(0) is closed. If f(z) =
g(x)/h(x) = 0 then V(g) N X is a closed subset, and the intersection of all these is

f7H0). 0

Proposition 3.6. Assume Y C A™. A morphism f : X — Y is given by regular functions
fla"'afn € F(X)
f(x) = (fi(@),... ful2))

IfY is an affine variety, this gives a ring homomorphism
fr kY] - I(X), Y= f;

and f — f* maps morphisms bijectively onto ring homomorphisms.

Proof. Follows from 3.5 and 1.6. t
Proposition 3.7. Let U; = P" — V(X;). The map
U, — A", (o, .., Ty ooy Tp) — (@,...,E,@,...,x—n)
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is an isomorphism.
Uy, ...,U, give an open covering of the projective space P™ by copies of the affine space
A",

Proof. The map is clearly bijective transforming closed subsets to closed subsets, so it is
a homeomorphism. If ¢ = 0, a fraction of polynomials g(x1,...,zy)/h(x1, ..., z,) with
deg g = e, degh = f give a fraction of homogeneous polynomials

w6 (a1 /0, . w0 /30)
2 h(zy Jxo, ... 20/ T0)
of the same degree e + f. So the map is an isomorphism. (]

Proposition 3.8. A variety is isomorphic to an open subset of a projective set.

Proof. By 3.7 an affine set X C A" is isomorphic to an open subset of the closure of the
image in P™. (|
Proposition 3.9. Assume Y C P". A morphism f : X — Y is a map given by an open
covering Uy, ..., Us of X and regular functions fy, ..., fin € T(U;)

f(x) = (fiolx),..., fin(x)), z €U

satisfying

fir (@) f(x) = fu(z) fn(z), 2 € UyNU;
Proof. 3.6 and 3.7 and two homogeneous coordinates ( fio, . . ., fin) and (fjo, .. ., fjn) are
proportional if and only if they satisfy the relation in the statement. (]

Proposition 3.10. Let X C P™ be an irreducible projective variety. A regular function is
constant, that is the ring of regular functions T'(X) = k.

Proof. Let X have homogeneous coordinate ring k[X]| = k[Xo,..., X,]/I and let f :
X — k be a regular function. By 3.7 and 3.5 there are homogeneous polynomials g; such
that f = g;/X% on X N U;. It follows for big d that the homogeneous part f k[X]; C
k[X]q and therefore f™ k[X]q C k[X]q for all m. (x,y) = («, f(x)) are solutions to a
set of equations

The space of homogeneous forms of degree d is finite dimensional,
Gim = G0gi0 +** + Gm—1Gim—1, aj €k
giving
Y™XE = (ag+ -+ am Y HXT
Now use that a polynomial has only finitely many roots and conclude that f is constant. [
Proposition 3.11. Ler X C A" be an affine variety and f a regular function. The open

subset Xy = X — V(f) is isomorphic to the affine variety V (I, f X,,4+1 — 1) C A" by
the morphism

(1, n) — (T1y ooy T, 1/ f (1,0 T0))

Proof. By 3.5 this is a morphism and the projection (1 ..., ZTp11) — (21 ...,2,) is the
inverse. U

Proposition 3.12. A variety has a basis for the Zariski topology consisting of open subsets
isomorphic to affine sets.

Proof. 3.11 gives the affine case and 3.7 makes the reduction to the affine case. U
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4. Product of varieties

Proposition 4.1. The Segre map
]P)m X ]P)n _ Pmn+m+n
(zo, .-, 2m), (Yo, - - -, ¥n)) = (2i5) = (ToYo, - - - s ToYn, - - -, Tm¥Yn)
is injective. The image is the projective variety
V({zikzj — zazjli # j, k # 1})

A subset Z C P™ x P™ maps to a closed subset of P™" ™Y if it is the set of solutions to
polynomials F(Xo, ..., X, Yo, ..., Y,) homogeneous in the X;’s and Y} ’s.
Proof. The matrix identity

ToYo ---  TolYn Lo

: =1 : (yo e yn)

ImYo - -- TmYn T

shows that the lefthanded side has rank 1. The image is given by equations
Zikzj1 — Zuzik =0
The projection of a matrix onto a nonzero column is the inverse map. If the degree in X;’s
isdand Y;’sis e and e > d, then the polynomial F' is replaced by the m + 1 homogeneous
polynomials
FXE . FXed

of degree e in both set of variables and therefore coming from homogeneous polynomials

in the variables Z;; = X,Y}. O

Definition 4.2. Let varieties X, Y be given as open subsets of projective sets in P, P".
By the image of the Segre map a variety in P ™% ig defined and called the product
denoted by X x Y. A™ x A™ is isomorphic to A™ ", If X, Y are affine then X x Y is
affine. If X, Y are projective then X x Y is projective.

Proposition 4.3. The product X x 'Y satisfy

(1) The projectionsp : X XY — X, q: X XY — Y are morphisms.
(2) For any pair of morphisms g : Z — X, h : Z — Y there exist a unique
morphism f : Z — X XY suchthatg=po f, h=qoh.

Proof. To prove the maps being morphisms the varieties X, Y can be assumed affine. The
result follows from 3.6. O

Proposition 4.4. The product of irreducible varieties is an irreducible variety.
Proof. If X XY = Z1 U Z then the sets

Xi={reX|lzxY C Z;}
give a decomposition X = X; U X5. The set

Xi = (Hal(z,y) € Zi}

yey
is closed. O

Proposition 4.5. The graph of a morphism f : X — Y is a closed subset of X X Y.

Proof. 1t suffices to prove that the diagonal A C A™ x A™ is closed. This is given by
linear equations. U

Theorem 4.6. Let X be a projective variety and Y any variety. For any closed subset
Z C X XY the projection p(Z) CY is a closed subset.
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Proof. Tt is enough to treat the case p : P x A™ — A™. A closed subset Z is the zero’s
of a finite number of polynomials

fi(XOa-~-aXn>Y17~-~7Ym) ZO7 1= 1,...,’/“
homogeneous in the X;’s of degree d;. For y € A™
y ¢ p(Z) if and only if (Xo, ..., X,)® C (fi(X,y)), s >>0

The linear map

Dik[X]s—a, — k[X]s, (9:(X)) — Zgi(X)fi(K y)

is surjective when a maximal minor is nonzero, so the set of y ¢ p(Z) is open. O

Proposition 4.7.
(1) The image of a projective variety is a projective variety.
(2) A morphism from an irreducible projective variety to an affine variety is constant.
(3) A variety which is both affine and projective is a finite set of points.

Proof. (1) 4.5, 4.6. (2) A coordinate function has closed irreducible image in A! and it
cannot be surjective because A! is open in P! then contradicting 4.6. (]

Proposition 4.8. The Veronese morphism of degree d is the map sending homogeneous
coordinates to monomials of degree d

pr — p("a%)-1

(@oy ey Tn) = (o Yigoips e ) = (ajg,xg_lxl, L)
This is an isomorphism onto the image which is a closed subvariety.
IfF € k[Xo,...,X,] is a nonzero homogeneous form, then the open subset P* — V (F)

is mapped isomorphically to an affine subvariety of A(n;d)fl.
Proof. Projecting onto the next n + 1 coordinates starting at a pure d-power

(' s Yigedns ) = (an e a'rn) = (yda <oy Y...d-10...0 1)

is an inverse. By 4.7 the map transports closed sets to closed sets so it is an isomorphism.
The image of V' (F) is represented by the intersection of the hyperplane given by the linear
form with coefficients from the monomials in F', so the complement is in a complement of
a hyperplane which is affine. (]

5. Rational functions

Definition 5.1. Let X be an irreducible variety. Define an equivalence relation on the set
of all regular functions by

(f:U—=k)~(g:V—ok)iff=gonUNV
The equivalence classes give a field extension k(X)) of k called the field of rational func-
tions. It depends only on a nonempty open subset.

Proposition 5.2. Let X be an irreducible affine variety. The field of rational functions
k(X) is the field of fractions of the ring of regular functions k[ X].

Proof. Follows from 1.6. O

Proposition 5.3. Let X be an irreducible projective variety. The field of rational functions
k(X) is the subfield of fractions 5, f, g homogeneous of the same degree. For any nonzero

form t of degree 1 the ring k(X)[t,t~1] is the ring consisting of all homogeneous fractions
of any degree.

Proof. Assume by coordinate change ¢t = X,. U
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Proposition 5.4. For an irreducible variety X the field of rational functions k(X) is a
finitely generated field extension of k.

Proof. As the field of rational functions only depend on an open subset, this follows from
5.2. O
6. Dimension of varieties

Definition 6.1. The dimension of an irreducible variety X is
dim X = trdeg,, k(X)
A nonempty open subset U of X has dimension dim U = dim X.

Proposition 6.2. IfY C X is anirreducible closed proper subset of an irreducible variety,
then
dimY < dim X

Proof. The varieties can be assumed affine. Then this follows from 1.5.1. U

Theorem 6.3. If f € I'(X) is a nonzero regular function on an irreducible variety and Y
is an irreducible component of the hypersurface V (f), then

dimY =dimX —1
Proof. 1.5.4. U

Proposition 6.4. The length of a maximal chain of irreducible closed subsets of an irre-
ducible variety X is dim X, i.e.

0#AY1C - CYaimx =X
Y, irreducible closed and the chain cannot be refined.

Proof. Let U C X be an open affine and f € k[U] not constant. Then set Y, x—1 to be
a component of the closure of V(f) in X. By 6.3 dim Ygim x—1 = dim X — 1. Finish by

induction. U
Proposition 6.5. If f1,..., f. € I'(X) andY is anirreducible component of V(f1,..., fr),
then

dimY >dimX —r

Proof. Let Z be a component of V(fi,..., f-—1) containing Y. If f,. is nonzero on Z,
dimY =dimZ — 1, 6.3. O
Proposition 6.6. Let X C P” be an irreducible projective variety and let Fy, ..., F, be

homogeneous forms. If r < dim X, then
V(Fy,...,F.)NX #10
and for'Y an irreducible component of V(Fy,..., F.)N X
dimY >dimX —r

Proof. In A", 0 € V((Fy,...,F,) + I(X)) so there is a nonempty component Z of
dimension

dmZ >dimX +1—-r>1
giving V(Fy,...,F.)NX # 0. O

Proposition 6.7. Let X C P" be an irreducible projective variety. Then there are Ly, . . . , Lim x

linear homogeneous forms such that
V(Lo Laimx) N X =10
Proof. 6.6. O
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Proposition 6.8.
(1) LetY C X C A™ be irreducible closed subvarieties with r = dim X — dim Y.
Then there exist f1, ..., fr € T'(X) such that and Y is an irreducible component

Ofv(fla s '7f7") nx.

(2) LetY C X C P” be irreducible closed subvarieties with r = dim X — dim Y.
Then there exist Iy, . . ., F. homogeneous forms such that and Y is an irreducible
component of V(Fy, ..., F,) N X.

Proof. f1 € I(Y)—I(X). Let Zy, ..., Zs be the components of

V(fi,..., fic1)NX, fi e (Y)—=1(Z1)U---UI(Zs), then dim Z = dim X — ¢ for any
component Z of V(f1,..., fi). O

Proposition 6.9. Let X, Y be irreducible. Then
dmX XY =dim X +dimY

Proof. A combined chain of irreducible give dim X X Y > dim X + dim Y. Assume
X, Y affine and by 6.8 there are
fis--, faimx € K[X] such that {z} is a component of V(f1,..., faimx). By 6.5
dimY >dimX x Y —dim X. O
Proposition 6.10.
(1) Let X C A" be irreducible closed subvariety with dim X = n — 1. Then there
exists a polynomial f such that
X =V(f), I(X)=(f)
(2) Let X C P" be irreducible closed subvariety with dim X = n — 1. Then there
exists a homogeneous form F' such that

X =V(F), I(X) = (F)
Proof. Unique factorization, [.4.4, gives that prime ideals minimal over a polynomial are
principal. (]
Proposition 6.11.

(1) Let X, Y C A" be irreducible closed subvarieties. If Z is an irreducible compo-
nent of X NY, then

dimZ >dimX +dimY —n

(2) Let X, Y C P" be irreducible closed subvarieties. If Z is an irreducible compo-
nent of X N'Y, then

dimZ >dim X +dimY —n
Ifdim X +dimY >nthen X NY # (.

Proof. (1) X NY = X x Y N (diagonal inA” x A"), X NY = X xY NV (X; —
Yi,...,xn — Y,) and 6.5. (2) There is a component W of the nonempty closed subset
VII(X)+I(Y)) c A" By () dimW > dimX +1+dimY +1—-(n+1) > 1
giving X NY # 0. O

7. Finite morphisms

Definition 7.1. A morphism f : X — Y is called finite if for every y € Y there is
an open affine subset y € V C Y such that f~1(V) is affine and the ring extension
F(k[V]) C k[f~1(V)] is finite.

Proposition 7.2. Let f : X — Y be a finite morphism. If Y is affine, then X is affine and
the extension f*(k[Y]) C k[X] is finite.
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Proof. Let g; € k[Y] be a finite set of elements such that UY,, =Y, X . are affine and
JH(k[Yy,]) C k[Xg,of] are integral. I'(X) — [ k[X,,0r] is injective so I'(X) is integral
over f*(K[Y]) and becomes an affine ring. The affine variety with coordinate ring I'(X)
is isomorphic to X. O

Proposition 7.3. Let f : X — Y be a finite morphism.

(1) f=(y) is a finite set for eachy € Y.
(2) Let Z C X be a closed subset, then f(Z) CY is a closed subset.

Proof. Assume X,Y affine. (1) f~!(y) corresponds to the maximal ideals in the ring
E[X]/f*(my)k[X] which is has finite dimension over k. (2) Assume Z = X. If y €
Y — f(X) then f*(my)k[X] = k[X] so by Nakayama’s lemma, 1.9.1 there is g € k[Y]
with g(y) # 0and Y, N f(X) = 0. O

Proposition 7.4. Let X be an irreducible variety of dimension n.

(1) If X is affine, then there is a separable surjective finite morphism

f:X—A"
(2) If X is projective, then there is a (separable??) surjective finite morphism
f: X —>P"
Proof. 1.7.2 and 7.3. U
Proposition 7.5. Let X C P™ be an irreducible projective variety and Ly, ..., Lgim x
linear homogeneous forms such that V. (Lo, . .., Laim x) N X = 0, then

X - PImX s (Lo(),. .., Laim x (2))
is a finite surjective morphism.

Proof. 6.7. O

Definition 7.6. A morphism f : X — Y is called dominant if the image is dense f(X) =
Y.

Proposition 7.7. Let f : X — Y be a dominant morphism of irreducible varieties.
(1) There is a field extension f*(k(Y)) C k(X).
2) dimX > dimY.
(3) f(X) contains a nonempty open subset of Y .

Proof. (3) Assume XY affine, r = dim X — dimY and choose by Noether’s normal-
ization theorem, 1.2.7, 1, . .., t, € k[X] algebraically independent over f*(k(Y")). Clear-
ing denominators in the minimal polynomials for a finite set of generators of k[X] over
f*(k[Y]) gives anonconstant g € k[Y] such that k[ X o ] is integral over f*(k[Yy])[t1,. .., t.].
This gives a finite morphism X,y — Y, x A" which by 7.3 is surjective, so Yy C
f(X). d

Theorem 7.8. Let f : X — Y be a dominant morphism of irreducible varieties.

(1) Let W C Y be a closed irreducible subset of Y and let Z C X be an irreducible
component of f (W) with f(Z) = W, then

dimZ > dim W + (dim X — dimY")

(2) There is a nonempty subset V. C f(X) open in'Y such that for W, Z as in (1)
satisfying WV # 0, Z0 f~Y1V) #0

dimZ = dim W + (dim X — dimY")
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Proof. Assume X,Y affine. (1) W is a component of V(f1,..., fdimy—dimw ) by 6.8, so
dimZ > dim X — (dimY — dim W)

(2) By the proof of 7.7 there is an open subset V' C Y and finite surjective morphism

FHV) = V x Adim X=dimY" ¢ fo]lows that dim Z < dim W + (dim X —dimY). O

8. Fibre of morphisms
Proposition 8.1. Ler f : X — Y be a dominant morphism of irreducible varieties.
(1) Lety € Y and let Z C X be a irreducible component of the fibre f~*(y), then
dimZ >dimX —dimY
(2) There is a nonempty subset V- C f(X) open in'Y such that for each y € V and

Zasin (1)
dimZ =dimX —dimY

Proof. 7.8. O

Proposition 8.2. Let f : X — Y be a dominant morphism of irreducible varieties. For
every nonnegative integer n the set

{x € X|dim Z > n for some component Z of f~*(f(x))}

is a closed subset of X.

Proof. 8.1 gives an open subset V' C Y such that for x € X — f~1(V) all components of
f~1(f(x)) have dimension dim X — dim Y. Induction on dimY" give the statement for
fi: Z — W, where W is a component of Y — V and Z a component of f~*(WW). O

Proposition 8.3. Let f : X — Y be a surjective morphism f(X) = Y of projective
varieties with Y and f~1(y), y € Y all irreducible. If the dimension dim f~1(y) is
constant then X is irreducible.

Proof. There is a component Z of X such that f(Z) =Y. Nowuse8.2toget X = 2. O

Proposition 8.4. Let f : X XY — Z be a morphism. Assume X is irreducible projective
and Y irreducible. If there exists y' € Y such that X x {y'} C f~1(f(v')) then

Xx{y}c ' (fly), yeyY

Proof. X is projective so the projection of the graph of f onto Y x 7 is a closed subvariety
W by 4.6. Let ' € X be fixed. The projection p : W — Y is surjective with fibre
pY(y) = (v, f(2',y')) sodimW = dim Y by 8.1. The graph of Y — Z, y — f(z', )
is a closed subvariety of W isomorphic to Y and thereby equal to W giving f(x,y) =
f(@'y). O
Definition 8.5. Let U; be open and Z; closed subsets of X. The finite union
ounzZiu---ul, N Z,
is called constructible.

Proposition 8.6 (Chevalley). Let f : X — Y be a morphism and W C X a constructible
subset. The image f(W) CY is constructible.

Proof. Assume W = X and by induction on dim Y assume f dominant. By 7.8 reduce to
a component of Y — V' and use induction. U

Proposition 8.7. Let X C Y be a constructible subset. The following conditions are
equivalent.

(1) X C Y isopen.

(2) If W C Y is an irreducible closed subset with X N W # (), then X "W = W.
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Proof. 8.6. U

Proposition 8.8. Let f : X — Y be a morphism. The following conditions are equivalent.

(1) Forany open U C X the image f(U) CY is open.
(1) If W C Y is an irreducible closed subset with f(X)NW # Qand Z C f~1(W)
an irreducible component, then f(Z) = W.

Proof. 8.6.

Proposition 8.9. Let U C X x Y be an open subset. The projections p(U) C X, q(U) C
Y are open.

Proof. 8.6. U

Definition 8.10. A dominant morphism f : X — Y with f*(k(Y)) = k(X) is called a
birational isomorphism.

Proposition 8.11. Ler f : X — Y be a birational isomorphism. There is a nonempty open
subset V. C Y such that f : f~Y(V) — V is an isomorphism.

Proof. Assume Y affine and let U C X be an open affine. If Z is a component of X — U

then dim f(Z) < dim Y/, so there is h € k[Y] such that f~1(Y,) C U, so assume also X
affine. Clearing denominators in a set of generators of k[ X | over k[Y] gives the result. O

9. Local ring and tangent space

Definition 9.1. Let X be a variety. For z € X the local ring Ox ., (or O,) at z is defined
to be the ring of equivalence classes of regular functions at =

(f:U—=k)~(9:V —=k)if fiw =gw
where W C U NV are open sets containing x.
The local ring depends only on an open neighborhood of the point.

Proposition 9.2.
(1) For affine space

Oprnp = {g € k(Xy, ..., Xn)|g(x) £ 0}

(2) If X C A" is an dffine variety, then
Ox,p = Opn 2 /1(X)Opn 5
(3) Ox y is a noetherian ring with exactly one maximal ideal m,, and
Ox z/my >k
Proof. (1) A fraction of fractions is a fraction. (2) The righthand side maps surjectively
to the lefthanded side. If a fraction f/g gives the O function, it is 0 in an open affine set

X —V(h)sohf =0o0nX,thatis f/g € IOpn 5. 3) f : U — kisinm, if f(z) =0
and if f(z) # 0 it is invertible in Ox . O

Proposition 9.3. The local ring O,, is an integral domain if and only if © € X is lying on
exactly one irreducible component.

Proof. Let X = X; U---U X be the irreducible components.
U=X1—-XoU---UXj

is an open irreducible subset of X. If x € U then O,, is an integral domain. If x € X; N X5
and for simplicity s = 2 choose f; € I(X;) — I(X,). Then fi, fo # 0 and f1fo = Oin
O,. O

Proposition 9.4. Assume X to be irreducible.
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(1) Ox g is an integral domain and the field of fractions is the field of rational func-
tions k(X).
(2) IfU C X is an open subset, then

T(U) = () Ox.

zeU

Proof. (2) An element of the intersection give for every x € U a value f(z) € k. O

Definition 9.5. Let X = V(I) C A™ be an affine set. For x € X and f € I the differential

=3 g X

is a linear polynomial in k[X1, ..., X,]. The (embedded) tangent space to X at x is the
affine linear subspace

T.X =V{df|f €1}
Let X = V(I) C P" be a projective set. For z € X and F' € I homogeneous the
differential

n
of
dF = X;
— X (@)X;
is a homogeneous polynomial in k[Xy, ..., X,]. The projective (embedded) tangent

space to X at z is the projective linear subspace
T.X =V({dF|F € I})

By Euler’s formula > %X ; = deg(F) F it follows that the restriction of the projective

tangent space to an open affine coordinate space in P” is identified with the affine tangent
space.

Proposition 9.6. Let m, C Ox ; be the maximal ideal in the local ring at x. The tangent
space is the k-linear dual to the vector space m,/m?

Proof. Leth € my, y € T, X then dh(y) € k gives a nondegenerate pairing
my/m2 x T, X — k

Assume X C A™ and x = 0 so m, is generated by X1,...,X,,. If dh(y) = 0 forall y
then h is represented by a polynomial with zero constant and linear term, so h € m2. [

Definition 9.7. Let X be a variety, the tangent space 7, X is independent of an open
affine neighborhood and identified with the linear dual of m,, /m?.
Let f : X — Y be a morphism of varieties. For y = f(x) transport of regular functions
give a ring homomorphism
f* : OY,y - OX,a:v f*(my) Cmg
and an induced map linear map
Fr(@) s my/miy — mg/m;
The linear dual map
df (z) : T, X - T,Y
is called the differential at x.

These constructions respect composition, so an isomorphism give isomorphic tangent spaces.
Ifp: X xY — X, ¢g: X XY — Y are the projections, then

(dp(z,y),dq(z,y)) : TgnX XY — T, X x T,Y

is an isomorphism.
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Proposition 9.8. Lerx € X, y € Y be points onvarieties. If ¢ : Oy,y — Ox 5, ¢(my) C
my is a ring homomorphism, then there are open neighborhoods x €c U C X, y eV CY
and a morphism f : U — V such that f* = ¢ : Oy,y — Ox . If ¢ is an isomorphism,
then f also can be chosen to be an isomorphism.

Proof. Assume X C A™Y C A" affine and z, y the 0 points. Then
— fi
(T = g 50 Jogi € kIX]
1 1
LetU=X—-V(g1...-9m)- O
Proposition 9.9. Let f : X — Y be an injective morphism such that the differential df (x)

is injective for all points x € X. If one of the following conditions are satisfied

(1) X is projective.

(2) f is finite.
then f : X — f(X) is an isomorphism.
Proof. Lety = f(x)

Fr(@) s my/miy — mg fm3
is surjective, so by Nakayama’s lemma 1.9.1
f* : OY,y - OX,'J:

is surjective for all 2. Assume X, Y affine and let J be the kernel of f* : k[Y] — k[X].
This gives k[Y]/J ~ k[X]. O

Proposition 9.10. Let X be irreducible of dim X = n. Then there is a nonempty open

subset U C X which is isomorphic to an open subset of an irreducible hypersurface in
At

Proof. Assume X affine and find 1.7.2 regular functions f1, ..., f, such that k[X] is inte-
gral over the polynomial ring k[f1,. .., f»] and k(f1,..., fn) C k(X) is separable. The
rest follows from the primitive element theorem 1.7.1. t

Proposition 9.11. Let X be an irreducible variety. Then for x € X
dimT, X > dim X

Proof. 3.12 reduces to an affine variety X = V(f1,..., fin) C A™. The subset of points
x where

dim 7, X = min{dim 7, X|z € X}

is given by nonvanishing minors of the Jacobi matrix (9f;/0X;) and is therefore open.
By 9.10 it is assumed m = 1, so the result follows from 6.3. O

10. Nonsingular varieties

Definition 10.1. Anirreducible variety X is nonsingular,(smooth, regular) at z if dim 7, X =
dim X else singular, (nonsmooth,nonregular). If all points are nonsingular then X is
nonsingular.

x € X, y € Y are nonsingular if and only if (z,y) € X x Y is nonsingular.

Theorem 10.2. Let X be an irreducible variety.

(1) The set of nonsingular points is a nonempty open subset.
(2) If Y is an irreducible component of the singular points in X, then

dimY < dim X
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Proof. (1) By 9.10 it is assumed that X = V() for some f € k[Xy,..., X, 1]. Then
in characteristic 0 some 0f/9X; # 0. In characteristic p if all 9f/0X; = 0 there is
g, ¢*" = f with some dg /0X; # 0. In both cases the set of nonsingular points is
nonempty. (2) 6.2. O

Theorem 10.3. Let x € X be a nonsingular point in an irreducible variety. The local ring
at x, Oy is a unique factorization domain.

Proof. Let the regular functions in an open affine neighborhood of x, t1, . . . , t,, give a basis
over k of the space m,, /m?2. The Taylor-expansion define compatible ring isomorphisms

Ox/my ~k[t1, ..., ta]/(t1, ... tn)®
giving an identification
0, C k‘[[tl, - ,th

by Krull’s intersection Theorem, 1.9.2.
If f,g € Oy is such that the fraction % € k([t1, ..., ty]] then by Krull’s theorem

90, = ()90, +m}

x

so 4 € 0,.

Fee
By 9.2 it remains to show that if an irreducible element f|gh in O, then f|g or f|h. By
1.10.3 there is a factorization g = fg’ in k[[t1,. .., t,]] giving a factorization in O, by the
result above. U

Proposition 10.4. Let X be a nonsingular irreducible variety and let Y C X be an irre-
ducible closed subvariety. If dimY = dim X — 1, then for any y € Y there is an open
affineU C X, y € U and f € k[U] such that I(Y NU) = (f) in k[U].

Proof. 10.3 give that a prime ideal in O x , minimal over a nonzero element is principal.
]

Proposition 10.5. Let X be a nonsingular irreducible variety and let Y be a projective
variety. Assume [ : U — Y is a morphism defined on a maximal open subset U C X.
Then for a component Z of X — U

dimZ <dimX — 2

Proof. If dim Z = dim X — 1 then by 10.4 there is an open affine neighborhood U of any
z € Zsuchthat (U N Z) = (h). If Y C P™ then the morphism A f extends f. O

Proposition 10.6. Let X be a nonsingular irreducible projective variety. If dim X = n
then X is isomorphic to a closed subvariety of P2"+1,

Proof. Let X C PV and consider the closed subset X; C PV consisting of all projective
lines through two points of X and the closed subset X5 C PV consisting of all embedded
projective tangent lines through points of X. Then dim X; < 2n + 1 and dim X, < 2n.
If N > 2n+ 1theny € PV — (X, U X3) give a projection X — PV =1 which by 9.9 is
an isomorphism onto a closed subvariety. U

Proposition 10.7. Let x € X be a nonsingular point of an irreducible variety of dimension
n. Then there is an open neighborhood U of x which is isomorphic to an open subset of a
closed hypersurface in A"t

Proof. 77? Local version of the proof of 10.6. O

Proposition 10.8. Let X be an nonsingular irreducible variety, and let Y, Z C X be
irreducible closed subvarieties. If W is an irreducible component of Y N Z, then

dimW > dimY 4+ dim Z — dim X
Proof. Y NZ =Y x Z Ndiagonal in X and 6.5. (I
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11. Normal varieties

Definition 11.1. An irreducible variety X is normal at z if the local ring O,, is normal. If
normality hold at all points then X is normal.
If 2 € X,y € Y are normal then (z,y) € X x Y is normal.

Proposition 11.2. A nonsingular variety is normal.

Proof. 10.3. U

Proposition 11.3. Let X be a normal irreducible variety and let Y C X be a irreducible
closed subvariety. If dimY = dim X — 1, then there is an open affine U C X, Y NU # ()
and f € k[U] such that I(Y NU) = (f) in k[U].

Proof. Assume X affine and I(Y") C k[X] the unique prime ideal minimal over g # 0.
Then there is a minimal n such that I(Y)" C (g). Choose h € I(Y)"~! — (g), then
hI(Y) C (g9). fRI(Y) C gI(Y), then % is integral over the normal domain k[X], so the
contradiction h € (g). Therefore choose f € I(Y) such that hf € hI(Y) — gI(Y) then
hf =gs, s € k[X] — I(Y). In the ring k[X][s™!], I(Y) = (f). O

Proposition 11.4. Let X be a normal irreducible variety and let Y be a component of the
closed set of singular points in X. Then

dimY <dim X — 2
Proof. If dimY = dim X — 1, I(Y) = (f) by 11.3. By 10.2 there is y € Y such that

dim7,Y = dimY. Now my,y = mx ,/fOx,y sodimT, X < dimY + 1 = dim X and
y is nonsingular on X. O

Proposition 11.5. Let X be a normal irreducible variety and let f : U — k be a regular
function on an open subset U C X. If for every component Z of X — U

dimZ <dimX — 2
then f is the restriction to U of a regular function on X.

Proof. Assume X affine and f ¢ k[X]. k[X] is noetherian so choose the ideal P = {g €
E[X]lghf € k[X]} maximal in the family over h € k[X], hf ¢ k[X]. P is a prime ideal
and by construction f is not regular at x € X — V(P). V(P) is a component of X — U
and by 1.8.2 dim V(P) = dim X — 1. O

Proposition 11.6. Let f : X — Y be a finite surjective morphism of irreducible varieties.
(1) If Y is normal and f(x) € W C Y is closed irreducible, then there is an
irreducible component x € Z C =Y (W) such that f(Z) = W.
(2) IfY is normal then for every open subset U C X, f(U) is open in'Y. For each
y € Y the number of points in the fibre

[f7H(y)] < dimyy) k(X)

(3) If the extension f*(k(Y)) C k(X) is separable then there is a nonempty open
subset V of Y such that for each y € Y the number of points in the fibre

[f7H ()| = dimy vy k(X)
Proof. Assume X,Y affine. (2) Let g € k[X], y € f(X,). The minimal polynomial for
g over f*(K(Y)) come from T" + T""tay + --- + a, € k[Y][T] since the ring k[Y] is
normal, 10.3. The morphism X — Y x A,z — (f(z), g(z)) is then finite and therefore

surjective by 7.3. If az( ) # Othen Y, C f(X,) and f(X,) is open. If g have distinct
values at points in f~1(y), then T 4T~ Lai(y) + - - - + a,(y) has at least | f 1 (y)| roots,

(
Iy ) < r < dimyyy B(X)
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(3) By 10.2 assume Y nonsingular and k[X] is generated over f*(k[Y]) by a separable
polynomial. In that case

1M (y)| = dimyy) k(X)
forally € Y. O

Definition 11.7. Let Y be an irreducible variety and k(Y) C K a finite field extension. A
normalization of Y in K is a normal irreducible variety X and a finite surjective morphism
7 : X — Y such that the extension 7* (k(Y") C k(X) is isomorphic to the given extension.
If k(Y') = K this is the normalization.

Proposition 11.8. Let Y be an irreducible variety and k(YY) C K a finite field extension.

(1) There is a up to isomorphism unique normalization m: X — Y of Y in K.
(2) IfY is affine, then X is affine.
) IfY is projective, then X is projective.

Proof. (2) k[X] is the normalization of k[Y] in K 1.8.4. (3) Let A be the integral closure of
E[Y]in K (t) for some form ¢ of degree one, 5.3. A is a graded ring finitely generated over
k. There is a d such that the subring AgP AgD A2qP. . . is generated by elements of *degree
one’. The projective variety with this homogeneous coordinate ring is the normalization.

O

Proposition 11.9. Let Y an irreducible variety. The set of points where Y is normal is a
nonempty open subset.

Proof. The normalization f : X — Y gives the opensubsety € V C Y where |f~1(y)| =
1. O
Proposition 11.10. Let X be a normal irreducible projective variety. If dim X = n then
X is isomorphic to the normalization of a closed hypersurface V (F) C P+,

Proof. Assume X C PV andlet L, ..., L, be linear forms such that XNV (Lo, ..., Lpy1) =
(), then the projection X — P+ is finite with image V' (F'). Conclude by X is normal. [J

12. Flat morphisms

Definition 12.1. An morphism f : X — Y is flat at x € X if the local ring O, is flat over
Oy (). If f is flat for all points then f is a flat morphism.

If V C Y is open or closed then the restriction f : f~1(V) — V is flat. The projection
X xY — X isflat. A morphism to a point is flat.

Proposition 12.2. Let f : X — Y be a flat morphism of irreducible varieties. If Z C
f~Yy) is an irreducible component, then

dimZ =dimX —dimY
Proof. 10.3. O

Proposition 12.3. Let f : X — Y be a flat morphism. Assume 'Y is irreducible and n is a
fixed number. The following are equivalent.

(1) Any irreducible component Z C X has
dimZ =dimY +n
(2) If W C Y isirreducible and Z C f~1(W) is an irreducible component, then
dimZ =dimW +n
(3) If Z C f~(y) is an irreducible component, then
dimZ =n
Proof. 10.3. O
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Proposition 12.4. Let f : X — Y be a flat morphism. For any open U C X the image
fU) CY is open.

Proof. 10.3. O

Proposition 12.5. Let f : X — Y be a flat morphism with Y irreducible. Then there is a
nonempty open subset V. C'Y such that the restriction f : f~*(V) — V is flat.

Proof. 10.3. U

Proposition 12.6. Let f : X — Y be a flat and finite morphism with Y irreducible. Then
for any nonempty open subset affine V- C Y the extension

FARIVD) C RV
is free.
Proof. 10.3. O

Proposition 12.7. Let f : X — Y be a finite morphism with Y irreducible. The following
are equivalent.

(1) f is flat.
(2) The rank
dimy O,/ f*(my)

is independent of points y = f(x).
Proof. 10.3. O






CHAPTER 1III

Algebraic curves

In this note a curve is an irreducible nonsingular projective variety of dimension 1 over a
fixed algebraically closed ground field k.

The general theory for nonsingular and normal varieties, chapter II, section 9-11, provides
several useful facts.

(1) The normalization of an irreducible projective variety of dimension 1 is a curve,
IL11.8, I1.11.4.

(2) A morphism U — Y from an open subset of a curve X to a projective variety
extends to a morphism X — Y, I1.10.5.

(3) A nonconstant morphism f : X — Y of curves is surjective and characterized
by the finite field extension f* : k(Y') — k(X), I1.9.8.

(4) By normalization any finitely generated field K of trdeg;, K = 1 is the field of
rational functions K ~ k(X)) for a curve X unique up to isomorphism.

(5) A curve X admits a finite morphism X — P!,

(6) Also any curve is isomorphic to a curve in P3, 11.10.6.

The theory of curves is therefore equivalent to the theory of finitely generated field exten-
sions of transcendence degree one over a fixed algebraically closed field.

1. Local ring

Let x be a point on a curve X. The local ring O, is identified with a subring of the field of
rational functions k£(X). The maximal ideal is denoted m, and k = O, /m,.

Proposition 1.1. Let x be a point on a curve X. The maximal ideal in the local ring O,
is principal and any nonzero ideal is a power of the maximal ideal. The local ring is a
principal ideal domain.

Proof. Lett € m, give a generator of m, /m2. By 1.9.1 m, = (¢). By L.9.2N,,(t") = 0,
so for 0 # f € O, there is n such that f € (¢") — (t"*1). Since any ideal is finitely
generated it follows that a nonzero ideal is of the form (™). t

Definition 1.2. A function ¢ giving a generator of m,, is a local parameter at z. A nonzero
f € k(X) has a unique representation f = wut" where u is a unit in O, and i € Z. The
integer exponent is independent of the choice of local parameter ¢. This defines

Vet k(X) = Z, f—i
the valuation at x, satisfying

(1) v (f) =0if f € k*.
(2) 'Uw(fg) = Uﬂc(f) + Ua:(g)
(3) vz(f +9) = min(v.(f), v2(g))
x is a zero of f if v,(f) > 0 and a pole if v, (f) < 0.
A surjective map k(X )* — Z satisfying (1)-(3) is a valuation on the field.

Proposition 1.3. Let x be a point on a curve X. The local ring is
O, ={f €k(X)|f =00rv,(f) >0}

37
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The maximal ideal is
me ={f € k(X)|f =0o0rv.(f) =1}
Proof. Property (1)-(3) in 1.2. O
Proposition 1.4. Let X be a curve. The map
T — vy
defines a bijection between the points of X and the set of valuations on the field k(X).

Proof. Let z,y € X have v, = v, and choose an open affine set containing x,y. From
my = m,, it follows that I(x) = I(y) and therefore x = y showing injectivity. Let v
be a valuation and assume X C P” such that all X; ¢ I(X) and v(X;/Xo) > 0. Let
k[z1,...,2z,] be the coordinate ring of X N P™ — V (X)), note that {f|v(f) > 0} is
a maximal ideal and get a point (ay,...,a,) such that v(z; — a;) > 0 for all . Then
v(f) > 0forall f € Ox . It follows that v = v,. O
Proposition 1.5. Let X be a curve.

(1) For a rational function f € k(X)* there is at most finitely many points with

vz (f) # 0.
(2) For finitely many points x1,...,xs € X and integers ny,...,ns there exists a
rational function f € k(X) with

Ve, (f)=ms, i=1,...,8
Proof. (1) {z|v,(f) # 0} is a closed subset. (2) Let U be an open affine subset containing
Z1,...,2s and let my,...,mg C k[U] be corresponding maximal ideals. Choose f; €
mg; — mf U Uj#mj and set f = Hi flnl [l
2. Divisor

Definition 2.1. A divisor on a curve X is a finite formal sum
i

where z; € X and n; € Z. This is an element in the divisor group Div(X) being the free
Abelian group on the points of X. The degree is deg(D) = ) . n; and this is an additive
map Div(X) — Z. D is effective if n, > 0 for all 4. There is an ordering D > D’ if
D — D' is effective.

Proposition 2.2. There is an additive map
div : k(X)* — Div(X), div(f) = > va(f) =
satisfying
div(f) =0 ifand only if f € k*

Proof. Well defined by 1.5. If div(f) = 0 then f € I'(X) and therefore constant by
11.3.10. O

Definition 2.3. A divisor D’ = D + div(g) is equivalent to D, D’ ~ D.

Definition 2.4. For a divisor D the k-vector space
L(D)={f € k(X)|f =0or div(f) > —D}
is the linear series. The dimension is denoted
I(D) = dimg L(D)
Proposition 2.5. For divisors D, D’ € Div(X)
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(1) If D > D' then L(D') € L(D) and
dimy L(D)/L(D’) < deg(D — D").

(2) L(0) =kandif D < 0 then L(D) = 0.

(3) (D) is finite.

@) If D =) nw;then (D) <3 _gni+ 1.

(5) If D ~ D' then I(D) = I(D")
Proof. (1) Assume D = > n,x = D'+ z and let ¢ be a local parameter at «. Then L(D’)
is the kernel of the linear map

L(D) = k. f > (t% f) )
(2) If D < 0 then there is a zero. (3)-(4) Use (1) and (2). (5) If D + div(g) = D’ then
L(D') = L(D), f — fg. 0
3. Riemann’s Theorem

Definition 3.1. For a divisor D = ) n, x the k-vector space
AD)={N: X = k(X)|A\(z) =0orvy(A(z)) > —ngy, forall x}
is the adele series. The union
AX) = AD)
contains k(X ) as constant maps such that ’
L(D)=A(D)Nk(X)

Proposition 3.2. For divisors D > D’

(1) A(D') C A(D) and

dimg A(D)/A(D") = deg(D — D’)
@ U(D)—U(D") =
deg(D) — deg(D") — dimy, A(D) + k(X)/A(D") + k(X)

Proof. (1) Let n, > n/, and t a local parameter at x, then ¢t~ "=, ... ,t_n;_1 give a basis

over k at x. (2) Noether’s isomorphism and (1). [l

Proposition 3.3. Let f € k(X)* be a nonzero rational function.
(1) If f is nonconstant
D va(f) = dimyp) k(X)
v (f)>0

(2) deg(div(f)) =0.

(3) If D ~ D’ then deg(D) = deg(D’).

(4) Ifdeg(D) < 0 thenl(D) = 0.
Proof. Letxq, ..., x4 be the points where v,,(f) > 0. By 1.5 choose f; such that v, (f;) =
L and vy, (f;) >> 0, j # i, then

Dt e D
are linear independent over k( f) giving
> va(f) < dimyyp) B(X)
v (f)>0
Let D=3, (550 vz(f)z. If g € k(X) is integral over k[f~1] then v, (g) > 0if z # z;,
all 4. There exist a positive mg, g € L(moD) and for m > my

g,9f ' ....gf ™t € L(mD)
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Applying this to a basis of k(X ) over k(f) integral over k[f 1] give
l(mD) > (m — mg + 1) dimk(f) k(X)
From 3.2 we then get
m S w(f) = 1+ dimg AGmD) + k(X)/A(0) + k(X)
ve (f)>0
—|—(m —mg + 1) dimk(f) /{J(X)
for m >> 0. In the limit

Ve (f) > dimy(p) k(X)
v (f)>0

Theorem 3.4 (Riemann). The set
{deg(D) +1—1(D)|D € Div(X)}
is bounded above.

Proof. Let f € k(X) be nonconstant and set D = >_, . vs(f)z. From 3.3 and its
proof follows
(mo — 1)deg(D) > dimy A(mD) + k(X)/A(0) + k(X)
giving the right hand side is a positive constant for large m, so
deg(mD) +1 —1(mD)

is a positive constant for large m.

It suffices to treat a divisor D’ > 0. For m >> 0, {(mD — D') > 0 so choose 0 # h €
L(mD — D') and get mD > D' — div(h) for m >> 0. The boundary for m.D gives the
statement. t

Definition 3.5. The maximal number of the set above is the genus of X and denoted by
g = gx. Note that g > 0.
Proposition 3.6.
(1) For any divisor D, 1(D) > deg(D) +1 — g.
(2) Let Dg be a divisor giving g = deg(Dg) + 1 — I(Dy).
Ifdeg(D) > deg(Do) + g then (D) = deg(D) +1 — g.
Proof. 3.4 and 2.5. U

Theorem 3.7. For any divisor D on a curve X
(1) A(X)/A(D) + k(X) has finite dimension over k.
(2) (D) —dimy A(X)/A(D) + k(X) =deg(D)+1—g.

Proof. 3.4 and 2.5. O

4. Rational differential and canonical divisor

Definition 4.1. Let X be a curve. The space of rational differentials on X is the k(X)-
vector space
QX) = Orenx)k(X)df /(da, d(g + h) — dg — dh, d(gh) — hdg — gdh)

a € k,g,h € k(X) generate the relations.
The k-linear map d : k(X) — Q(X), f > df is the universal k-derivation on k(X), that
is any derivation is the composite of d and a k(X )-linear map.
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Theorem 4.2. The dimension of differentials

dimk(X) Q(X) =1
Any function t € k(X) such that k(t) C k(X) is finite separable gives a basis dt for
Q(X). If t is a local parameter at x, then dt is a basis.

Proof. By 1.7.2 we may assume ¢ transcendental over k and k(t) C k(X) finite separable
generated by u.
So k(X) = k(t)[u]/(g) with g—g # 0. By implicit differentiation

9g
du = —Stdt
ou
so dt is a generator and moreover
fL O G
ot 99 9y
ou

is a nonzero derivation, so dt is a basis.
Letx €¢ U =V(f1,..., fm) C A™ be an open affine neighborhood.

ranky, (aa)? (z))=n-1
j

so for a local parameter ¢
ot
dt = —dX;
; ox;
must be nonzero. U

Definition 4.3. Let X be a curve. A nonzero rational differential w € Q(X) has a presen-
tation fdt where ¢ is a local parameter at x. Define the order at =

Vg (w) = va(f)
independent of presentation and define a canonical divisor
div(w) = va (w)x

The sum is finite since ¢ — ¢(y) is a local parameter at y in an open neighborhood of z. All
these divisors are equivalent and any choice is denoted K = K x. For a divisor D there is
a k-vector space
QD) ={w e QX)|div(w) > D}
Proposition 4.4 (Serre duality). Ler K = div(w) be a canonical divisor. The linear map
L(K—-D)—QD), f— fw
is an isomorphism.

Proof. 4.2. O

Definition 4.5. Let x be a point on a curve X. A local parameter ¢ at x define compatible
ring isomorphisms
Ox/my; =~ k[t] /(")
giving a “Laurent series” embedding
Ly k(X) — k((t))
into the fraction field of the power series ring. Remark that
v (f) = min{r|a, #0, Lif = Z,a,t"}

and
Oy = k(X) Nk[[t]]
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In the basis dt a rational differential w = fdt € Q(X) has a presentation
Liw=Lfdt
satisfying
Ldf = %Lt fdt = Spnant™ tdt, Lif = Spant™
Define the residue
R.(w)=a_
well defined by the following proposition.

Proposition 4.6. The definition of residue is independent of the choice of local parameter
tat x.

Proof. Let t,u be local parameters and R;, R, the residue maps. Assume f,g € k(X),
then the claim is
Ry(Lygdf) = Ri(Ligdf)
By the chain rule and additivity this reduces to
ndu

R, (u"du) = Ry(u(t) o

(t)dt)
for all integers n and u(t) =t + agt® + ....
1
Rt(g(l +agt+ ... ) N1+ 2a0t + ... )dt) =1

shows the claim for —1 < n. If the characteristic of & is 0 the formula
du 1 dunt!
" —(t) = t
WG O=ra W
gives the result for n < —1. Since the claim is a formal algebraic identity this suffices. [

Theorem 4.7. Let w be a rational differential. The sum of residues vanishes
Z R,(w)=0

Proof. If X = P!, k(X) = k(t) then expansion in partial fractions reduces to the case

1 —n—2 ].
=t"dt = —(— d—
o ()2
Forn =—1
—1 1 -1 1
R(O,l)(t dt) - ]., R(Lo)(*(g) d;) - 7].

give the formula. In general choose by 1.7.2 a finite surjective separable morphism 7 :
X — P!, identifying 7* : k(t)[u]/(g(u)) ~ k(X) with g(u) separable of degree n. For
r € P, 771 (2) = {21,...,2,} with local parameters ¢ at z and ¢; at x;. By 3.3

D va () =n
Laurent series
Lyt k(PY) — k((t)), Ly, : k(X) — k((t:))
Ly () = 2=
give field extensions
k((t)) C k((t;)) of dimension v, (7*(t))

By counting dimensions

k((E)[ul/(g(u)) = k((t1)) x - < k((t))



5. RIEMANN-ROCH THEOREM 43

so the trace map decomposes

Trix)y k) = ZTW(m)/k((t))

3

By the P!-case it is enough to show

> Ry (fdr*(t)) = Ro(Trix) m (f)dt)
which amounts to the local result

Rys(s™ = (s)ds) = Re(Try(s)) /m(a (8™ )dt)
where t = s 4 ... determines the extension k((t)) C k((s)). Since the claim is a formal
algebraic identity the case where the characteristic of k is 0 suffices. In this case assume

by change of coordinates that ¢ = s?. The computations

dt
s o(s) = gsm
m 0, m#pq
Tri((sy /(e (™) = {qtm/q m = pq
give the result. (]

Theorem 4.8. The bilinear pairing
QD) x A(X)/AD)+ k(X) =k

<w, A >= ZRw(A(x)w)

is nondegenerate and
dimy Q(D) = dimg A(X)/A(D) + k(X)

Proof. By 4.7 the pairing is well defined. If < w, A\ >= 0 forall A\ € A(X) then w = 0.
Let D =) ngx. If A ¢ A(D) + k(X) then v, (A(z)) < —n, for some x. After chancing
A with a constant adele, let ¢ be a local parameter at  chosen by 1.5 such that
vy (8) (02 (M) = 1) + vy (A(y)) = 0
for y # x, then
< o= QED=LgE X >= R, (=M ()dt) # 0

5. Riemann-Roch Theorem

Theorem 5.1 (Riemann-Roch). Let K be a canonical divisor on a curve X of genus g.
Then for any divisor D

I(D)—I(K —D)=deg(D)+1—g
Proof. By 4.8
dimy Q(D) = dimy A(X)/A(D) + k(X)
3.7 and the isomorphism L(K — D) ~ (D) from 4.4. give the equality. O

Proposition 5.2. Let X be a curve of genus g, K a canonical divisor and D any divisor.
(1) deg(K) =2g—2.
2 U(K) =g
(3) Ifdeg(D) > 2g — 1 then I(D) = deg(D)+ 1 — g.
(4) Ifdeg(D) =2g — 2 and (D) = g then D = K + div(g).

Proof. 5.1. O
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Proposition 5.3 (Clifford). If D is a divisor with [(D) > 0 and
(K — D) > 0 then
(D) <1+ %deg(D)
Proof. By the hypothesis assume D > 0 and K — D > 0 and such that [(D — z) < I(D)

forall z. h € L(D) — U, L(D — x) union over x with K — D — x > 0 gives an injective
map

L(K — D)/L(0) — L(K)/L(D), f+— hf
Then by Riemann-Roch Theorem 5.1
(D) <1+ UK)—I(D)—deg(K)+deg(D)—1+g
= —I(D) + 2 + deg(D)
O

Proposition 5.4. If n > 2g then for every x € X there is f € k(X) with "pole of order n
at z", that is

Um(f) = —n, vy(f) > an7é1'
Proof. f € L(nz)— L((n —1)x) by 5.2. O

6. Zeuthen-Hurwitz formula

Let f : X — Y be a nonconstant morphism of curves.

Definition 6.1. f is surjective and by composition there is defined a finite field extension
k(Y) C k(X). The degree of f is

deg(f) = dimyy) k(X)
For z € X the ramification is
ex = vz (" (u))

where u is a local parameter at f(z). A point z with e, > 1 is a ramification point of f.

Proposition 6.2. Fory €Y

Y e =deg(f)
zef~1(y)
There are only finitely many ramification points, that is e, = 1 except for finitely many

r € X.

Proof. ForY = P! thisis 3.3.

In general choose by 5.4 h € L(ny) such that v, (h) = —n, v,(h) > 0,z # y. This gives
amorphism h : Y — P, The claim for h, h o f gives the claim for f. I1.11.6 give e, = 1
except for finitely many x. U

Theorem 6.3 (Zeuthen-Hurwitz). Let f : X — Y be a nonconstant morphism and assume
that field extension k(Y) C k(X) is separable and that the characteristic of the ground
field k do not divide any ramification index e,. Let gx , gy denote the genus, then

2gx — 2 =deg(f) 29y —2)+ Y (ex — 1)
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Proof. Let dh be a nonzero differential on Y, then by separability df*(h) is a nonzero
differential on X. Let f(z) = y. If v, (h) # O then by separability and the condition on
ez, Uy(dh) = vy(h) — 1 and v, (df*(h)) = ezvy(h) — 1, otherwise all are zero. Therefore

2y 2 = Y waldf (b))
= Z Z (ezvy(h) — 1)

Yy zef~1(y)
= D> m=1) Y ety (ex—1)
Yy z€f~1(y) z

and then

29x =2 = wy(dh)deg(f)+ > (ex—1)

Y

= deg(f)(20y —2)+ > (ex — 1)

O

Definition 6.4. A curve X of genus g > 2 is hyperelliptic if there is a separable morphism
f: X — P! of deg(f) = 2. The involution on the field extension k(PP!) C k(X) gives an
involution 7 : X — X commuting with f, fo7 = f.

Proposition 6.5. Assume that the characteristic of k is not 2.

(1) A curve of genus g = 2 is hyperelliptic.
(2) A hyperelliptic curve has exactly 2g + 2 ramification points.

Proof. (1) Choose a canonical divisor K > 0. f € L(K) — L(0) gives f : X — P! of
degree 2. (2) Let f : X — P! be of degree 2. By 6.3

Z(ew_l):29+27 Z ew:deg(f)ZQ
z€f~1(y)
give the number of ramification points. (]

7. Plane curves

Let X = V(F) C P? be a plane curve with F' € k[X,Y, Z] irreducible homogeneous of
degree n.

Definition 7.1. Let G € k[X, Y, Z] be a homogeneous form of degree m and not divisible
by F. Then V(F)NV(G) = {z1,...,zs}. Let L € k[X,Y, Z] be a linear form such that
V(L) N{x1,...,zs} = 0 and define a divisor

div(G) = va, (L%)xi
independent of L. This satisfies the product rule
div(GH) = div(G) + div(H)
and therefore defines a divisor
div(%) = div(G) — div(H)
also satisfying the product rule.

Proposition 7.2 (Bezout).
(1) div(G) > 0.
(2) deg(div(G)) = mn.
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Proof. (2) Assume by change of coordinates and product rule that G = Z. Then use
3.3. O

Proposition 7.3. The genus of X is
1

9= 50— 1n-2

Proof. Assume X NV (Y,Z) = (). For a fraction % of homogeneous forms of degree d
such that div(£) > —div(Z™)
vm(%) > vz(%)
for all z. This gives forms G, E such that
HZ™ =GK + EF
It follows that the linear map
G

—
Zm

kXY, Z),, — L(div(Z™)), G
is surjective and the linear map
kXY, Zlp—n — kXY, Z)yp, H— H - F

for large m is an isomorphism onto the kernel of the map above. This gives for large m

I(div(Z™)) = (m + 2) - (m —n+t 2) I

2 2 2
Then by 3.6
m . om 3n — n? 1
g=deg(Z™)+1—-1(div(Z™)) =mn+1— (mn+ 5 ):§(n—1)(n—2)

O

8. Morphisms to projective space
Definition 8.1. Let D be a divisor on X. A basis fy, ..., f,, of L(D) give a morphism
o(x) = (fo(z),..., fulx)) : X - P"
depending on the basis up to an isomorphism of P".
Proposition 8.2. Assume D > 0 and let ¢ : X — P™ be given above. If
I(D—z—y)=U(D)—2forallx #vy
then ¢ is injective. If the condition also holds for x = y then
¢: X — ¢(X)
is an isomorphism.
Proof. Let D =Y n.z with n, = n, = 0 and assume v, (fo) = 0 and v, (fy) = 1. Then
¢(z) = (1,...) #(0,...) = o(y)
Next assume v, (f1) = 1 and let (Yp, ... ) be coordinates in P™. Then

* Yl fl
¢"() =%

o Jo
is a local parameter at = giving injectivity of the differential do(z) : T, X — Ty(,)P".
Conclude by I1.9.9.

Proposition 8.3. Assume D > 0 and let ¢ : X — P" be given above.
(1) Ifdeg(D) > 2g + 1 then ¢ : X — ¢(X) is an isomorphism.
(2) Ifgenus g = 0and D = x then ¢ : X — ¢(X) = P! is an isomorphism.
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(3) Ifgenus g = 1 and D = 3x then ¢ : X — ¢(X) C P? is an isomorphism.
(4) Ifgenus g > 2and D = 3K then ¢ : X — ¢(X) C P5975 is an isomorphism.
(5) If genus g > 2 and D = K then ¢ : X — P97L is injective and if X is not
hyperelliptic then ¢ : X — ¢(X) C P91 is an isomorphism.
Proof. Riemann-Roch Theorem 5.1. 5.2. O

9. Weierstrass points

Definition 9.1. n is a gap number at x if [(nz) = I((n — 1)z), that is if there exists no
rational function f such that v, (f) = —n,v,(f) > 0, y # x or there exists a rational
differential w such that v, (w) =n — 1,vy(w) > 0, y # .

Proposition 9.2. At a given x there are exactly g gap numbers
=i <---<ig <291
Proof. By 5.2
1=100)<--<U(29—Dz)=yg
l(nz) <Il((n—1)x) 4+ 1, with equality if n > 2g
O

Definition 9.3. x is a Weierstrass point if some gap number 7; # j, that is the sequence
of gap numbers is not

1< - < g
By the Riemann-Roch Theorem z is a Weierstrass point exactly if [(gx) > 1 or if [(K —
gzr) = dim Q(gx) > 0.

Proposition 9.4. On a curve of genus g = 0,1 there are no Weierstrass points. On a
hyperelliptic curve of genus g the 2g + 2 ramification points are the Weierstrass points.

Proof. 6.3. O

Theorem 9.5. If the characteristic of k is 0 then there are only finitely many Weierstrass
point on a given curve X. If the genus g > 2 and the curve is not hyperelliptic then there
are at least 2g + 3 Weierstrass points.

Proof. If u is a nonconstant rational function there is a basis
fidu, ..., fgdu for Q(0) such that v, ( fjdu) = i;(x) — 1 for every gap number i;(x) at x.
Let ¢ be a local parameter at x, then f;du = f; %dt so a local calculation gives

ve(det (T T0)) = S, )~ Lota + Vsl

Summing over all points x give
> (@) = 5) = (g = Dglg + 1)
z,j

The claim now follows. ]

10. Automorphisms

Proposition 10.1. A nontrivial automorphism of a curve of genus g has at most 2g + 2
fixed points.

Proof. Choose f € k(X) with g + 1 poles disjoint from the fixed points of an automor-
phism . Then f — f o o has 2¢ + 2 poles and therefore at most this number of zero’s. [

Theorem 10.2 (Hurwitz). Assume the characteristic of k is 0. For a curve X of genus
g > 2 the group of automorphisms Aut(X) is a finite group and the order is bounded

| Aut(X)] < 84(g — 1)
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Proof. If X is not hyperelliptic then an automorphism is determined by the permutation
of the more than 2g + 2 Weierstrass points. If f : X — P! is hyperelliptic then an
automorphism commutes with the involution 7 and therefore induces an automorphism of
P! which permute the images of the 2¢g + 2 > 5 ramification points. In all cases Aut(X)
is finite.

Let |Aut(X)| = n and choose by normalization a curve Y together with a morphism
f: X — Y ofdeg(f) = n identifying f*(k(Y)) = k(X)2"*X) as the fixed field. By the
Zeuthen-Hurwitz formula

29 — 2 1
=2y —2 1— —
YR

giving




Examples and comments

k is a fixed algebraically closed ground field of characteristic 0 when necessary.

1. Non affine variety

1.1. The open subset A — {0} of A! is a variety isomorphic to the affine variety V' (Y; Y2 —
1) C A2, The isomorphism is given by
1

Ty (Y1, y2) = (71, —)
T

(Y1,92) = 21 =11
The coordinate ring
kAT = {0}] = k[Xy, X7 ']
1.2. The open subset A" — V(X,,) of A" is a variety isomorphic to the affine variety
V(Y,Yny1 — 1) C A"+, The isomorphism is given by
1

roy=(@ -

Yy—xr = (yla"'vyn)
The coordinate ring
k[An - V(Xn)] = k[Xla v 7Xn7X1;1}

1.3. The open subset U = A% — {(0,0)} of A% is a variety not isomorphic to any affine
variety.
The inclusion gives an injective ring homomorphism

k[X1, Xo] = T(U)
A regular function f : U — k has representations

P(X;, X5)

f:T,xeA%V(Xl)
f= 7Q(X1;X2> , 2 €A%~ V(Xs)
X2

giving

P(X1, X5)Xg = Q(X1, Xo) XY, (z,y) € A” - V(X1 X2)
By irreducibility of A% and unique factorization in the polynomial ring it follows that
the ring homomorphism above is surjective. If U is isomorphic to an affine variety, then

the ring isomorphism above is an isomorphism of coordinate rings contradicting that the
inclusion U C A? is not an isomorphism.

49
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2. Bijective morphism
2.1. The morphism
Al — A27 r—=y= (CE%,CE‘;’)
is a bijection onto the affine variety V(Y — Y?) C A2. The induced ring homomorphism
of coordinate rings
kY1, Yol /(YY) = Y3) — k[X]
is not surjective, so the morphism above is not an isomorphism.

Moreover the varieties A! and V(Y;3 — Y2) are not isomorphic by any morphism, since
the ring k[ X%, X}] is not normal.
2.2. The morphism
P! - P2, oy = (23, zox1, 27)
is an isomorphism onto the projective variety V (YyYs — Y) C P2
The inverse morphism is given by
(yOa yl) y Yo 7& 0
— r =
Y {(yla y2) Y2 7é 0
The homogeneous coordinate rings
k[Xo, X1] and k[Yp,Y1,Ya]/(YoY2 — Y72)
are not isomorphic as graded rings.
2.3. The morphism
P! — P2, oy = (23, zox?, 23)
is a homeomorphism onto the projective variety V (YoYs — Y;?) C P2. But it is not an
isomorphism.

3. Finite morphism
3.1. The inclusion
Al — {0} c A!
is not a finite morphism.
3.2. The morphism
1
Al {0} =AY x4 =
x
is a finite surjective morphism. The corresponding ring extension is
1 1
kKX + =] CklX, =
X + ] € KX, %]
U =X+ % then

1\? 1
X?-UX+1=0, =) -U=+1=0
+ <X> X

3.3. The morphism
AP 2y = (af - 1,21)
is a finite surjective morphism. Extend to
P! - P! 2y = (2} — 22, zozy)

3.4. The composite morphism

1 1
Al — {0} — P}, x»—>y:(x§+?+1,x1—|—x—)

1 1

is a surjective morphism.
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4. Constructible set
4.1. The morphism
A% = A%z y = (2129, T2)
has a constructible image
Y = (A% - V(Y2)) U{(0,0)}

which is not a variety in A2.
The closure of Y is A2. If Y is open then {0} C A! is open, contradicting irreducibility of
Al

4.2. Let W be a constructible set in a variety X. If the closure W is irreducible then there
is a subset U C W being open in W.

W=UnzZyU---UUsNZ,

so for some i, W C Z;.
In general W contains a subset dense in W.

5. Connected variety

5.1. An affine variety X is connected if and only if 0, 1 are the only idempotent elements
in the coordinate ring k[X].
If e # 0,1 is idempotent then

X=V(e)uV(l—e), Vie)NV(l—e)=0
If
X=Vuv(J),VvIOHNnV(J)=0
then conclusion by Chinese remainder theorem.

5.2. The affine variety V' (X;X2) C A? is connected but not irreducible.

6. Morphism of projective space
6.1. The projection
p: A" {0} Pz y
is locally of the form
p~H(Ui) = A" x (Al —{0})
x T,
x— (y,u) = (x—j,... .
(yyu) = &= (Uy1, ..y Uy e, UYp)
For an irreducible variety X in P" p~1(X) is irreducible and
dimp~H(X) =dim X +1

6.2. A morphism f : P — P" is constant if m > n.
Y = f(P™) C P" is irreducible and closed. Assume
n>r=n—dmY >0
Choose linear forms Ly, . .., L, € k[P"] such that Y NV (Lo, ..., L,) = (). The inverse
image f~1(V(L;)) # 0 and any component Z has dimension dim Z > m — 1. Since
FHV (L) N f V(L)) =0

it follows that

m<r+1<n
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6.3. Projection from a point
p:P"—{(0,...,0,1)} = P" ! 2 y=(z0,...,Tpn_1)

gives a finite morphism from a projective variety X C P™ not containing the point (0, ..., 0, 1).
p 1P —V(Y;)) = P* — V(X,) is affine. Let F(Xo,...,X,) € I(X) be such that
F(0,...,0,1) # 0. Then

Yo Yn—1 Zo Tp_1

[%‘7 Ty I= [%7 T g m )

is finite and maps onto k[X — V (X;)].

To T

6.4. An automorphism of the projective line is linear
f:P' =P 2y = (apzo + box1, a1 + biz1)
with agb; — a1bg # 0.
Remark that
f(1,0) = (ag,a1), f(0,1) = (bo,b1), £(1,1) = (ag + bo, a1 + b1)

For a given automorphism g and the distinct points g(1,0) = (ag,a1),¢(0,1) = (bo,b1),9 =
(1,1) = (co,c1) € P! there is a choice of ag, a1, by,b; € k such that (co,c1) = (ag +
bo, a1 + b1). The composite f~! o g induces an isomorphism of A’ = P* — {(0, 1)} being
the identity.

7. Big fibre
7.1. The morphism

f:A% = A% 2y = (z129,22)
has image
Y = (A* = V(¥2)) U{(0,0)}
and therefore dominating. The fibres are
- V(X2) , y=1(0,0)
1 _ ) )
f (y)_ {(5271/2) ) y27é0

7.2. The closure of the graph of the projection
A {0} - P a ey
Z = V({X.Y; — X;Yi]i # j}) €A™ x B

is the blowup of 0 in A™*!, The projection p : Z — A" is a finite surjective map with
fibres

1,0 J{0}xP* . =0
p (m){ (z,x) , T#0
8. Big tangent space
8.1. The morphism
frAY - A" ey = (27T 22
has closed image Y. The tangent space is

ToY = k»

8.2. The curve Y is not isomorphic to a curve in any A" for m < n.
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9. Algebraic group

9.1. A group G which is an algebraic variety such that composition G x G — G and
inversion G — G are morphisms is called an algebraic group. There are many popular
examples

e A" with addition

e Al — {0} with multiplication

e The group of invertible matrices with matrix multiplication

9.2. The connected component GG containing the unit is irreducible and again an algebraic
group.

Let G; ... G, be multiplication of the irreducible components containing e. The image
contains all G; so s = 1 and (G is a subgroup. The cosets x( is an irreducible component
containing x, so there are only finitely many cosets. These being disjoint gives G. = G;.

9.3. If f : G — H is a homomorphism of algebraic groups, then the image f(G) is a
closed subgroup of H.

By constructibility let V' C f(G) be non-empty and dense in f(G). Fory € f(G) V N
yV=1t £ 0so

(@) C FG)f(G) = f(G)

9.4. If an algebraic group G is projective, then G is an Abelian group.
The commutator morphism

f:GxG— G, (z,y) — zyzty™?

satisfy f(G x e) = e and therefore constant.

10. Projective line

10.1. Let P! = Uy U {cc = (0,1)}. The morphism A! — P! 2+ y = (1, z;) identifies
K(X1) = k().

Yi — Y.
X1—$1=y0 1~ Y%to

YoYo

is a local parameter at x = (1, z1) = (yo0,y1)-
1 Yy

X1 "
is a local parameter at oo = (0, 1).
10.2. The differential dX; # 0 in Q(P').

dX; = d(X1 — 1‘1) = ’Uy(Xm) = 0, Yy < Uy

1\ 7% .1
dX;1=— | — d— = dXq,) = -2
1 <X1) X, Uoo( 1)
A canonical divisor is
K]p:l = 72 - 00
10.3. Calculate
0 , z#m
V(X1 —2)=<¢ 1 , xz=x4
-1 , =00
giving
div(X; —2z1)=1-21—1-00
For

f = (Xl — xll)ml R (Xl — l‘ls)nLS
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the divisor

div(f)=mq1- a1+ -+ mg- 15— (M1 + - +my) - 00
10.4. Calculate forn > 0

L(n-o0) = {f|div(f) > —n- o0} = Span(l, X1,...,X,)
giving

lln-o0)=n+1
Conclude that the genus
grr =0

10.5. For a general divisor D on P! the Riemann-Roch theorem states

I(D)=1(-2-00—D)=degD+1

11. Conic

11.1. A plane curve given by a homogeneous form F' of degree 2 is a conic. Let char (k) #
2, then by change of coordinates

F=aX§+bX{+cX3
and
dF = 2aXodXo + 2bX1d X1 + 2c¢X2d Xs
Necessary and sufficient for V (F) C P? to be nonsingular and irreducible is abe # 0.
11.2. By further change of coordinates
F=X{+X{+X]=(Xo— V-1X3)(Xo + V-1X2) + X7
The morphism P! — P2

1 2 2 1 2 2
) — (Lo, T1,T2) = (5 + ’ Yy 1 -
(yO yl) ( 0,41 2) (2 (yO y2) YoYy2 2\/_71 (yO y2))

is an isomorphism P! ~ V (F).

12. Elliptic curve
12.1. A curve X of genus 1 is called an elliptic curve. The canonical divisor K has
deg K =0, I(K)=1
so K ~ 0. The Riemann-Roch theorem gives
(D) —1I(-D)=degD
for any divisor D.
12.2. Let Divo(X) be the subgroup of divisors of degree 0. Fix a point o on X. The map
¢ X — Divo(X)/div(k(X)*), x — x — xg
is a bijection.
12.3. The map
XxX — X

(z1,22) = ¢ w1 — x0 + T2 — T0)

defines a structure of abelian algebraic group on X with zero xg.
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12.4. Assume char(k) # 2,3. A plane curve given by a homogeneous form F of degree
3 is an elliptic curve. By change of coordinates

F =X} +aXiX1 +bX5 — XoX3
and
dF = (2aXoX1 + 3bX3 — X3)dXo + (3X7 + aX§)dX1 + (—2X0X2)dX>
Necessary and sufficient for V (F') C P? to be nonsingular and irreducible is
16a® + 270 £ 0

13. Morphism of a cubic curve
13.1. The variety X C P2 given by the equation
X3 — XoX3 -~ X$Xy=0
intersects the hyperplanes
XNV (Xy) ={(0,1,0),(0,0,1)}
XnV(Xy)={(0,0,1),(1,0,1),(1,0,—1)}
XNV(X3) ={(0,1,0)}
and therefore covered by the affine pieces
X1 #0, X§ — XoXo— Xo=0
XoX2#0, Xg —Xo— X7 =0
A morphism f : X — X is given by

f(@ T2y _ (_Tox2 T2 ToTo
Il,xl 1’19917 3317I1301
f(@ ﬂ)f(,@ _ %1 %o %o

xo X xo’ xy Ty To

This is an isomorphism, the inverse being f itself.

14. Hyperelliptic curve
14.1. Assume char(k) = 0. An affine variety in A? is given by the affine equation
X;=9(X1)=(X1—a1)...(X1 — an)

where n > 5isodd and a4, . . ., a, are all nonzero and different. The projective closure by
X = %, Xy = % is given by the homogeneous form

F=Y%Y) — (Y1 —a1Yy) ... (Y1 — anYo)

The differential has components

oF s OF (. (Y3
iy = oo g (5 ()
OF L (n

—_— = _Yr N

oY, o 9 <Y0>

OF .,

95 gyn2y,

Y, o 2

This shows that the projective closure has a singular point at (0,0, 1). The normalization
Y is a hyperelliptic curve.

14.2. Let f : Y — P! be the extension to the normalization of the projection from
(0,0,1), (yo,y1,92) — (yo,y1), V(F) — (0,0,1) — PL. f has degree 2 and gives the
field extension

k(X1) C k(X1)[X2]/ (X3 — g(X1))
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14.3. f:Y — P!is clearly ramified over the n points (1,a1), ..., (1,a,). If f were not
ramified at z € f~1(0,1) then v, (X;) = —1 and

20:(X3) = v:(9(X1)) = —n

As nisodd, f is ramified over (0, 1) as well. The ramification is 2 so the Zeuthen-Hurwitz
formula gives
n—1

2

2g—2=2(-2)+(n+1), g=

15. Fermat curve

15.1. Assume char(k) = 0. A plane curve given by a homogeneous form
F=Yy+Y"+Yy
is a Fermat curve.
dF = (nYg™" 0y~ nyy )

so V(F) C P? is nonsingular and irreducible.
15.2. Let X; = %, X = % be the affine coordinates on P2 — V (Y;) satisfying

X7+ X0 =1
The differential w = d.X; is treated by the relation

XX, + X3 X, =0

In a point x = (21, z2), x2 # 0, a local parameter is X7 — x1 giving v, (w) = 0. Iff 29 =0
then X is a local parameter at the n points = ({;, 0) running through {/—1. The relation
above gives v, (w) = n — 1.

15.3. Let Xy = %, Xy = % be the affine coordinates on P2 — V(Y7 and get the relation
dX, = —X;2dX
In a point z = (0, ;) a local parameter is X giving v, (w) = —2.
15.4. A canonical divisor is
divdw =Y (n—=1)-(1,¢;,0) — 2+ (0,1,)
The degree is
nn—3)=2g—2
confirming the genus formula
(n—1)(n—2)

9= 9

16. Genus formula

16.1. Let a plane curve X be given by a homogeneous form F' of degree n. Assume after
change of coordinates that (0,0,1) ¢ X and only simple tangents through (0,0, 1). The
tangents points is the intersection of X and V(;—)i). By Bezout’s theorem the number is
n(n — 1). Apply Zeuthen-Hurwitz formula to the projection from (0,0, 1) of X to get

2g—2=n(-2)+n(n—1)
giving
(n—1)(n-2)

9= 9
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16.2. Let a plane curve X be given by a homogeneous form F' of degree n. Assume after
change of coordinates that

(1,0,0) ¢ XﬁV(XQ) = {371,...,33”}

and % is a local parameter at {z1,...,z,}. Uy = %’, U, = % satisfy the equation
F(Uy,Uy,1) = 0. A canonical divisor is given by the differential
dUy dUq
~ oF T T BF
8U1 BUO
Calculate
Vg, (W) =n—3
and
deg(divw) =n(n —3) =29 — 2
giving
(n—1)(n—-2)
9= 9

17. Automorphism
17.1. The Fermat curve X given by
Xo+X{+X5=0
has genus g = 3 and a canonical divisor of deg K = 4 and I(K) = 3.

17.2. Permutation of coordinates define 6 automorphisms of X. Multiplication of a coor-
dinate with a fourth root of unit define 16 automorphisms. All together

96 = | Aut(X)| < 84(g — 1) = 168
17.3. The curve given by
X5 X1+ X7 X2+ XoX5 =0
has genus g = 3 and
| Aut(X)| = 84(g — 1) = 168
18. Grassmann variety

18.1. The set of linear subspaces of fixed dimension m in P™ is bijectively described by a
n+1
projective subset of P(i+1) = called the Grassmann variety G™™.

18.2. Choose a basis of the m + 1 dimensional subspace of k™! as row vectors, giving a
(m+1) x (n+ 1)-matrix. For m + 1 columns with indexes 0 < jo < -+ < j;, <n+1
let the (m + 1)-minor give the Pliicker coordinates

(Yjo...j) € P71
A change of basis multiply all minors with the determinant of the base change matrix.

18.3. The Grassmann variety is the projective subset given by the Pliicker relations homo-

geneous of degree 2. Let 0 < jo,...,Jm < n + 1 be indices. If some are equal then put
Yjo...jm = 0. Otherwise let o be the permutation giving ordering j, o) < -+ < jy(m) and
put Yjo...jm = sign(a)ng(o),,,ja(m). The relations are then

yiOn'i'mijnajnL = : yiOuzj'r“ui'myjl)“-isnxj?n
T

for all indices and 0 < s < m.
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18.4. Lines in P?,n = 3, m = 1 give one nontrivial relation

Yo1¥Y23 — Yo2¥13 + Yo3y12 = 0

defining G>! as a hypersurface in P°.

18.5. By Gauss elimination the Grassmann variety is covered by open affine spaces A("+1)(n=m)
It follows that G™™ is an irreducible nonsingular projective variety of dimension

dimG™™ = (m + 1)(n —m)
19. Secant and tangent variety

19.1. Let X C PY be a nonsingular projective variety of dimension n. Let W C PV x
PN x PN be points on lines

W = {(z,y, z)|z on the line through z, y}
Let Ax C X x X be the diagonal. Consider projections
p: (X x X xP¥N —AX xPY)nW — PV
7 (X x X xPYN —AX xPY)NW - X x X
The image Im(¢) C PV is the secant variety. By the fibre dimension formula
dim Im(¢) < dim X x X +dimn ! (z,y) =2n+ 1
19.2. Let X C PV be a nonsingular projective variety of dimension n. Let W C X x PV
be points on tangent lines
W =A{(z,y)ly € T.X}
Consider projections
¢ : W — PN
T W —-X
The image Im(¢) C PV is the tangent variety. By the fibre dimension formula
dim Im(¢) < dim X + dim 7~ *(z) = 2n

20. Determinantal variety

20.1. Let {X;;} be am x n-matrix of indeterminates. The affine subvariety of A™" given
by

V(r — minors of {X;;})
is of dimension mn — (m —r 4+ 1)(n —r + 1).

20.2. The determinantal variety is normal. If m,n > r > 1 then 0 is a singular point.
21. Jacobian question
21.1. Assume char(k) = 0 and let
f A" — A"

be a morphism with Jacobian determinant

-~ ofi «
Jf—det{aX }Ekj

J

Is f an isomorphism?
21.2. The question is unanswered even in case
f:C*—C?
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