ABSENCE OF POSITIVE EIGENVALUES FOR HARD-CORE
N-BODY SYSTEMS

K. ITO AND E. SKIBSTED

ABSTRACT. We show absence of positive eigenvalues for generalized N-body hard-
core Schrodinger operators under the condition of bounded obstacles with con-
nected exterior. A particular example is atoms and molecules with the assumption
of infinite mass and finite extent nuclei.
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1. INTRODUCTION AND RESULTS

Consider the N-body Schrodinger operator

H= Z(——Ax]+vgc]) 3 Ve (1.1)

1<i<j<N

for a system of N d-dimensional particles in ; = R%\ © where © is a bounded and
open subset of R? given such that the exterior set € is connected (for N = 1 the last
term is omitted). Whence H is an operator on the Hilbert space L*(Q); Q = (€)".
It is defined more precisely by imposing the Dirichlet boundary condition. This
operator models a system of N d-dimensional charged particles interacting with a
fixed charged nucleus of finite extent, for example a ball. In particular we could have
Coulomb potentials V;(y) = ¢;¢"|y|™" and Vi;(y) = ¢:q;|y|~" in dimension d > 2
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assuming 0 € O (the latter condition is reasonable due to Newton’s shell theorem).
We show in this particular case that H does not have positive eigenvalues. While this
property is well-known for the one-body problem (see for example [RS, FHH20, 152])
it is a new result for NV > 2. Moreover we extend the result to the case of molecules
with fixed charged nuclei of finite extent.

We obtain absence of positive eigenvalues in a much more general setting, that
is for so-called generalized N-body hard-core Schrodinger operators, see Theorem
1.7 for our main result. There are two a priori ingredients in our approach: 1)
Suitable vector fields (applied before to usual N-body Schrédinger operators for
different purposes). 2) A unique continuation property (in general a well-studied
subject). Apart from those the paper is self-contained. In particular we give full
proofs of a Mourre estimate and an exponential decay estimate of non-threshold
eigenstates needed for the problem at hand. These results are part of a scheme of
proof closely related to the one of [FH]. However technically there are significant
differences. A main ingredient is the construction of a new vector field well-suited
for our problem (and used somewhat differently), see (2.6). We addressed earlier
the problem of proving absence of positive eigenvalues for generalized N-body hard-
core Schrodinger operators in [IS3] using yet another approach, however obtaining
there only partial results. In addition our use of the new vector field is considerably
simpler, conceptionally as well as technically.

Since hard-core Schrodinger operators are conveniently defined by their quadratic
form we naturally include relatively form-compact local singularities of the poten-
tials. Those considered in [FH] are relatively operator-bounded ones. Whence our
results in the case of no obstacles cover some stronger type of local singularities
of the potentials than treated by [FH| (as for d = 2 with Coulomb interactions
as considered above). However we do not recover all of the results of [FH] in this
particular case for two reasons (the following conditions are not imposed in [FH]).
In this paper: 1) The potential singularities are located in a bounded set. 2) We
use the unique continuation principle which although being a general principle im-
plicitly constitutes a condition on the local singularities, see a brief discussion after
Proposition 1.6.

For previous works on N-body hard-core Schrédinger operators we refer to [BGS]
and [Gri]. As the reader will see there is some overlap between this paper and [Gri],
however the main problem of our paper, showing absence of positive eigenvalues, is
not treated in [Gri]. To the contrary it is stated there explicitly as an open problem.
A bi-product of our approach is absence of singularly continuous spectrum under
virtually no regularity conditions on the obstacles (only boundedness is needed)
generalizing [BGS, Theorem A], see Remark B.3. For further references to works
on hard-core Hamiltonians and some further discussion we refer to [Gri, Section
1]. Finally, to put hard-core Hamiltonians into a broader perspective and not for
claiming contribution, we call attention on an ongoing physics dispute: What is the
size of a nucleus/proton? See [A] for a recent contribution.

1.1. Usual generalized N-body systems. We will work in a generalized frame-
work. We first review the analogue of this without obstacles, i.e. with “soft poten-
tials”. This is given by real finite dimensional vector space X with an inner product
g, i.e. (X, g) is Euclidean space, and a finite family of subspaces {X,| a € A} closed
with respect to intersection. We refer to the elements of A as cluster decompositions
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(this terminology is not motivated here). The orthogonal complement of X, in X is
denoted X%, and correspondingly we decompose = = z¢ @ z, € X* & X,. We order
A by writing a; C ay if X® C X%, It is assumed that there exist amin, Gmax € A
such that X%mi»n = {0} and X*»x = X. Let

B - A\ {amin}.

The length of a chain of cluster decompositions a; C - -- C ay is the number k. Such
a chain is said to connect a = a; and b = a;. The maximal length of all chains
connecting a given a € A\ {amax} and apay is denoted by #a. We define #aax = 1
and denoting #ayi, = N + 1 we say the family {X%|la € A} is of N-body type.
The N-body Schrodinger operator H introduced above (now considered without an
obstacle, i.e. with Q; = R?) is of the form H = Hy + V, where 2Hy is (minus) the
Laplace-Beltrami operator on the space (X, g)

N
X = (Rd)N7 9= ij|xj’27
j=1

V = V(z) = Y ,c5Ve(2") and the relevant family {X%la € A} of subspaces is
indeed of N-body type, see the proof of Corollary 1.8 for details. However this is
just one example of a generalized N-body Schrodinger operator, see [DeGé, Section
5.1] for other examples. The general construction of such an operator H is similar,

and under the following condition it is well-defined with form domain given by the
Sobolev space H!(X), cf. [RS, Theorem X.17].

Condition 1.1. There exists ¢ > 0 such that for each (real-valued) potential V,
b € B, there is a splitting V}, = V;)(l) + Vb@), where

(1) Vb(l) is smooth and
oV (y) = O(lyl~=7). (1.2)
(2) \/})(2) is compactly supported and
(—A+ 1)_1/21/;(2)(—A +1)7'2 is compact on LZ(RgimXb). (1.3)

Let —A® = (p*)? and —A, = p? denote (minus) the Laplacians on L?(X%) and
L?*(X,), respectively. Here p* = 7%p and p, = 7,p denote the “internal” (i.e. within
clusters) and the “inter-cluster” components of the momentum operator p = —iV,
respectively. For all a € B we introduce

Ve(a®) =) Vila®),
bCa
H* = —1A"+ V%) on L*(X),
H,=H*®1+1® (—3A,) on L*(X*) ® L*(X,),
L(x) =) Vi(z").
bZa

We also define Hin = ( on L?*(X%in) := C. The operator H® is the sub-
Hamiltonian associated with the cluster decomposition a, and I, is the sum of all
“inter-cluster” interactions. The detailed expression of H® depends on the choice of
coordinates on X¢.
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Given a family {X“|a € A} of subspaces of N-body type and interactions obeying
Condition 1.1 the generalized N-body Hamiltonian is H = H®*»=x. Let

T= Uae A #a>2 Upp<Ha) (14)

denote the set of thresholds of H. By the HVZ theorem [RS, Theorem XIII.17] the
essential spectrum of H is given by the formula

Oess(H) = [min T, 00). (1.5)

It is also well-known that under rather general conditions H does not have positive
eigenvalues and the negative non-threshold eigenvalues can at most accumulate at
the thresholds and only from below, see [FH] and [Pe].

1.1.1. Graf vector field and Mourre estimate. We give a brief review of the con-
struction of a family of conjugate operators for N-body Hamiltonians originating
from [Sk1]. The phrase “conjugate” is here used (in agreement with conventions)
to signify that there exists a so-called Mourre estimate. A slightly different proof of
this Mourre estimate appears in [Sk2]. The construction is based on the vector field
invented by Graf [Gra] which is a vector field satisfying the following properties, cf.
[Gra, De, DeGé, Sk2]. We use throughout the paper the notation (x) = vz2+1
and Ng = NU {0}.

Lemma 1.2. There exist on X a smooth vector field & with symmetric derivative @,
and a partition of unity {G,} indezed by a € A and consisting of smooth functions,
0 <, <1, such that for some positive constants ry and ro

1) @u(2) = 32, TaGa-

2) @%(x) =0 if |z <ry.

3) |2%] > r1 on supp(qa) if b £ a.

4) |z < ry on supp(ga)-

5) For all « € Ng™X qnd k € Ny there exist C' € R:

105Gal + 105 (- V)" (@(2) — 2)| < C. (1.6)
Now, proceeding as in [Sk2], we introduce the rescaled vector field Wg(z) := RO (%)
and the corresponding operator
A=Ar=0r(x) -p+p-@r(z); R> 1 (1.7)
We also introduce a function d : R — R by

d(E) _ {inTET(E)(E — 7')7 T(E) — Tﬁ] _ OO,E] 7& Q),

D

1, T(E) = 0. (18)
These devices enter into the following Mourre estimate which is the relatively form
compact version of the relatively operator compact one of [Sk2, Corollary 4.5]. We
give a full proof in Appendix B covering inclusion of hard-core interactions. We
remark that all inputs needed for the proof are contained in Lemma 1.2, whence the
particular construction of the Graf vector field is irrelevant. For a different proof
(also valid in the context of hard-core interactions) we refer to [Gri|. (For a different
conjugate operator, see [BGS].)

Lemma 1.3. For all E € R and k > 0 there exists Ry > 1 such that for all R > Ry
there is a neighbourhood V of E and a compact operator K on L*(X) such that

J(HYS[H, Al f(H) > J(H)'{4d(E) — 5 — K} f(H) for all { € C*(V).  (L9)
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Here the commutator is defined by its formal expression, see (2.3). The possibly
existing local singularities of the potential do not enter (for R large) due to Lemma
1.2 (2). This feature is a strong indication of the existence of a similar Mourre
estimate for the hard-core model of Subsection 1.2, see Lemma 1.5 for such extension.

Two of the consequences of a Mourre estimate like the one stated above are that
the set of thresholds 7T is closed and countable and that the eigenvalues of H can
at most accumulate at 7T, see Subsection B.2. We discuss a third consequence in
Subsection 2.1 and Appendix C (for hard-core Hamiltonians), decay of non-threshold
eigenstates.

1.2. Generalized N-body hard-core systems. The generalized hard-core model
is a modification for the above model. For the generalized hard-core model we are
given for each a € B an open subset €, C X* with X%\ Q, compact, possibly
Q, = X Let for amm #b C a

Qf = (2 +X,) N X = Q, + X, N X7,

and for a # ami,
Qa = mamin¢bca9§'
We define Q%in = {0} and 2 = Q%max,

Condition 1.4. There exists € > 0 such that for all b € B there is a splitting into
(real-valued) terms Vj, = V;(l) + V},(Z), where

(1) Vb(l) is smooth on the closure of €2, and
9Vy (y) = O Iyl =) (1.10)
(2) Vb(g) vanishes outside a bounded set in €2, and
VD € C(HY (), Hy (%)) (1.11)

Here and henceforth, given Banach spaces X; and X5, the notation C(Xl,XQ)
and B (Xl, XQ) refers to the set of compact and the set of bounded operators T :
X1 — Xy, respectively.

We consider for a € B the Hamiltonian H* = _%Ama + V* on the Hilbert space
L?(Q%) with the Dirichlet boundary condition on 2%, in particular

H=1p>+V =Hy+V onH :=L*Q)

2

with the Dirichlet boundary condition on 0€2. More precisely the Hamiltonian H®,
henceforth called a hard-core Hamiltonian, is given by its form. The form domain is
the standard Sobolev space H}(Q®), and the corresponding action is the (naturally
defined) Dirichlet form. Due to the continuous embedding Hj(Q*) C H}(QY) for
Umin # b C a we conclude that indeed H® is self-adjoint, cf. [RS, Theorem X.17].
Again we define H®» = 0 and the set of thresholds by (1.4). We claim that
Lemma 1.3 holds for the hard-core Hamiltonian H upon replacing the Hilbert space
L*(X) there by H (and with the same interpretation of the commutator). However
we prefer to state the Mourre estimate slightly differently (see the comments after
Lemma 1.5). There is the following estimate, cf. Appendix B and [Gri, Theorem
2.4]:
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Lemma 1.5. For all k € (0,1] and compact I C R there exists Ry > 1 such that for
all R > Ry and all E € I there is a neighbourhood V of E and a compact operator
K on H such that

FUHYM[H, ARl f(H) > Af(H) {d(E + ) — 55— KYF(H) for all f € C=(V). (1.12)

Here the function d is defined by (1.8) now of course in terms of the set of thresh-
olds for the hard-core Hamiltonian H. We also note that for R > 1 taken large
enough the rescaled Graf vector field wg is complete on 2. The latter is doable due
to Lemma 1.2 (2) and (5). This allows for an interpretation of the “commutator”
i[H, Ag] of (2.3) as a commutator, see Subsection B.2 and Appendix A for details.
This feature is needed for showing exponential decay of non-threshold eigenstates.
The local uniformity in energy of this version of the Mourre estimate is needed too
for showing exponential decay. To the contrary Lemma 1.5 can be shown using
only (2.4) (in particular only the formal expression of the commutator) and some
of the properties of Lemma 1.2, see Subsection B.1. Using the fact that i[H, Ag]
is a commutator one can obtain a version of Lemma 1.5 similar to Lemma 1.3 and
various consequences of independent interest, see Subsection B.2.

1.3. Results.

Proposition 1.6. Suppose N > 1 and Condition 1.4. Suppose the hard-core Hamil-
tonian H does not have positive thresholds. Suppose that any eigenstate of H van-
ishing outside a bounded set must be zero (the unique continuation property). Then
H does not have positive eigenvalues.

The unique continuation property (here used at infinity only) is a well-studied
subject in particular for the one-body problem, see for example [Ge, JK, RS, Wo|. It
is valid for some classes of potential singularities given the condition of connectivity
of €2 although to our knowledge the state of art is presently not satisfactory for the
N-body problem, see the proof of Corollary 1.8 below for a particular application.
The following main result of this paper follows readily from Proposition 1.6 and
induction in N. Recall B := A\ {amin}-

Theorem 1.7. Suppose N > 1 and Condition 1.4. Suppose the unique continuation
property for H and all sub-Hamiltonians H® (more precisely that any eigenstate of
H® for b € B vanishing outside a bounded set must be zero). Then H does not have
positive eigenvalues.

This result applies to (1.1) and the following generalization: Consider for given
disjoint Ry, ..., Rg € R? the N-body Schrédinger operator

N
1
H=Y" ( — g, + > Vi - Rk)) + > Vylwi—z;)  (113)
j=1 J 1<k<K 1<i<j<N
describing a system of N d-dimensional particles in ©; = R?\ ©, where © =
Ui<k<k Oy, for given open and bounded subsets ©4, ..., Ok of R? such that Ry, € Oy,
k=1,...,K (for N =1 the last term to the right in (1.13) is omitted).

Corollary 1.8. For N charged particles confined to {2y C R? with the additional
properties that d > 2 and this exterior set ; = R4\ O is connected the corresponding
Hamiltonian H given by (1.13) with Coulomb interactions VF(y) = q;q*|y|™" and
Vii(y) = qiqily|™" (and defined by the Dirichlet boundary condition) does not have
positive eigenvalues.
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Proof. There is the following concrete description of the family {X“|a € A}: Con-
sider a = (C4,...,C,) where the C,’s are disjoint subsets of {1,...,N}. For
p > 2and ¢ < p we have #C, > 2 and we let X% = {r € X|z; = 0ifj ¢
Cyand ;.o miz; = 0}. Either similarly 1) X% = {z € X|z; = 0ifj ¢
Cpand ;. miz; = 0} (in that case we have #C), > 2), or 2) X% = {z €
X|z; = 0if j ¢ C,}. In both cases let correspondingly X* = X ¢ -+ & X,
Moreover we supplement by writing X®»i» = {0} where, for example, @y, = 0.
This is a concrete labeling of {X“la € A} for (1.13). The sub-Hamiltonians are
given as

H' =H"@l® @[+ - +1® - @10 H,

where for ¢ < p the operator H% is a usual Schrédinger operator defined on L?(X%).
The same is valid for H in case 1). To the contrary in case 2) the operator H
has the same form as (1.13), but with only N, := #C, particles involved, whence
it is an operator on L?((€2;)"#). Note that either Q, = X® or Q, = {z € X]z; =
0if j # 4 and x; € Q;} for some i < N.

Next we introduce the following subset of Q = (Q;)"; Q; = R4\ ©:

g Q for N =1,
2\ {(z1,...,2n) € (RH)N|2; = 2, for some i # j} for N > 2.

We are going to use that Q is connected for d > 2 (and similarly upon replacing N by
N,). For this property we may argue as follows: Since §2; is arcwise connected also
()" is arcwise connected. Any of the subspaces {(z1,...,zy) € (R)N|z; = z;},
i # 7, has co-dimension d. We conclude by using repeatedly Lemma 1.9 stated
below and the fact that d > 2.

We need to check that the condition of Theorem 1.7 that the unique continuation
property for H and all sub-Hamiltonians H® holds. For that we shall use the version
of the unique continuation property [RS, Theorem XIII.63]. Let us first consider
the operator H: We argued above that Q is connected. Since moreover the subset
{(z1,...,zn) € Qz; = x; for some i # j} of Q has measure zero we can indeed
apply [RS, Theorem XIII.63] for this case. For the unique continuation property for
any sub-Hamiltonians H® we use the above tensor decomposition. Any eigenstate
has the form

QSa = Zwl ®¢lcp7
l

where {¢;} is an at most countable orthonormal set of vectors and each nglC" is an

eigenstate of H®. If ¢ vanishes outside a bounded set also each gblC” vanishes
outside a bounded set (seen by multiplying by 1, and integrating). In case 2) we
then argue as above replacing N by NV, and conclude that each gble = 0 and whence
that ¢ = 0. In case 1) the same type of arguments works (we omit the details). We
conclude by Theorem 1.7. O

Lemma 1.9. Suppose U is an open connected subset of R™, n > 2, and L is a closed
submanifold of U with co-dimension at least 2 then also U \ L is connected.

Proof. We can assume that UNL # (). Suppose U\ L = U;UU, where U; and U, are
open and disjoint. We need to show that either U; or Us is empty. Look for j = 1,2
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at the boundary U, of U; considering U, as a subset of R", and let us denote the
part of this boundary inside U, that is U N oU;, by V. Clearly UNL = V3 U V,.
Moreover since L has co-dimension at least 2 the set V; NV, = ) (easily seen by
using a suitable “local” arc). Assuming that V; # () (can be done since V; and V5
are not both empty) we will show that Uy = (): Pick x; € V4 and suppose that there
exists x9 € Us. Then we pick a arc v : [0,1] — U with (0) = z; and (1) = 22 and
consider

t1 = sup{t € [0, 1]|7(s) € Uy U W; for s € [0,1]}.
We have (t1) € Vi N V4, contradicting that Vi NV, = 0. O

We shall need some more notation. We fix a non-negative x € C*°(R) with
0<xy<1and

_J 0 fort<b5/4,
X(®) { 1 fort>7/4.

We shall frequently use the rescaled functions given in terms of parameters v/ >
2v >0 as

Xu(t) = x5 (t) = x(t/v),
Xv =X, =1—xu, (1.14)
Xv' = XvXv/-
For any self-adjoint operator 7" and state ¢ we abbreviate (T'), = (¢, 7'¢).

2. PRELIMINARIES, IDEAS AND PROOF

We collect some preliminaries, explain the ideas of the proof of Proposition 1.6 and
then give the proof. The latter is done in Subsection 2.3 using results of appendices.

2.1. Exponential decay. According to [Gri, Theorem 2.5(1)] stated there without
proof (a reference to Grisemer’s thesis is given) any non-threshold eigenstate decays
exponentially to an order determined by the thresholds above the corresponding
eigenvalue, cf. the result of [FH| for usual N-body Hamiltonians. This is a conse-
quence of the hard-core Mourre estimate by arguments rather similar to the ones of
[FH]. Below we briefly explain some preliminary ingredients of our proof of Lemma
1.5 and the proof of this application, see Appendices B and C for complete proofs
in the present context. More precisely we show in Appendix C that if H does not
have positive thresholds then any ¢ € D(H) with (H — E)¢ = 0 for some E > 0 is
exponentially decaying to any order, whence super-exponentially decaying, that is
e?l*lg € H for all ¢ > 0.

2.1.1. Potential function. Since the derivative @, of Lemma 1.2 is symmetric we can
write

O = Vr?/2.
The function r = r(x) can be chosen positive, smooth and convex, see the proof of

[De, Proposition 3.4] (we remark that [De| also uses the Graf construction although
with a different regularization procedure). Let us introduce

w=Vrand 0" f=ip" f:=w-V/f.
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Note that @ = rw. From the convexity of  we learn that
o"|dr|* > 0. (2.1a)

We have a slight extension of a part of (1.6), cf. [De, Lemma 3.3 (f)] and [DeGé¢,
(5.2.8)],

Voo € Ng™* and k € Ny : |09 (2 - V)*(r* — 27)| < Cl. (2.1b)
In particular we obtain yet another property
Va € Ng=X 1102 (Jdr[> — 1)| < Culz) (2.1¢)

In fact letting f = 72 — 2 the bounds (2.1c) follow from (2.1b) and the identity

v Vf+47NdfPP - f

dr>—1=
[dr 2+ f

The rescaled r reads
rr(z) = Rr(z/R),

so that wr = Vr% /2. Clearly the bounds (2.1a)-(2.1¢) are also valid for the rescaled
r (possibly with R-dependent constants). We also rescale the partition of unity func-
tions of Lemma 1.2 introducing ¢, r(z) = ¢o(x/R), and similarly for the “quadratic”
partition of unity functions

a(@) = Go(ka) (Y @ (k2)?) ™% k=i /.

Using that
Ge(z)Gp(kx) =0if ¢ Z b,
and Lemma 1.2 (1) we conclude that

D.(z) =) map(x), (2.2)
b
and similarly for the rescaled quantities.

2.1.2. Commutator calculation. We formally calculate (or more precisely define)
i[H, Ag] = 2p@.(z/R)p — (AR*) ' (A*r?)(z/R) — 20g - VV, (2.3)
and using (2.2) we thus deduce

i[H, AR] Z Qqu,sz qb,R + O(R_Q) — 2(1)3 . VV
b

‘ (2.4)
=2 arp; dop+ O(R ™),
b

2.2. Super-exponentially decaying states. We are heading at proving absence
of positive eigenvalues using the following three-step procedure: 1) Using the as-
sumption of absence of positive thresholds and the hard-core Mourre estimate we
deduce that any eigenstate with corresponding positive eigenvalue decays super-
exponentially, c¢f. Subsection 2.1. 2) We show that any such state must vanish
outside a bounded set. 3) We invoke the unique continuation property and conclude
that any such state vanishes.
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2.2.1. Homogeneous vector field and potential function, and distortions. We shall
use a potential function introduced in [Ya]. Its construction and some properties
are somewhat similar to those for the previously discussed potential function. As
before the specific construction will not be relevant for us. We only need the following
result, cf. [Ya].

Lemma 2.1. There exists a real-valued m € C*(X\ {0}) with following properties:

(1) m is homogeneous of degree one.

(2) m(xz) > 1 for |x| =1.

(3) m is convex.

(4) There exists 6 € (0,1) such that for all a € A

m(x) = m(a) if |za] > (1 = 0)[z]. (2.5)

We construct a distorted version of the function m of Lemma 2.1 and the associ-
ated vector field as follows. This is in terms of a (small) parameter € € (0,1) and a
(large) parameter R > 1 to be fixed below. Pick g € C*([0, 00)) with g(s) = s—s'~¢
for s large, g(s) = R for s < R and ¢'(s),g"(s) > 0 for all s > 0. Define then

r(z) = g(m(z)) and w(x) = Vr(z). (2.6)

This is doable since indeed the function g(s) := s — s obeys §/(s),3"(s) > 0 for
s > 1. (Our construction is somewhat inspired by [RT] in which the convexity of
the function |z| — (1 +|z|)' =€ on R™, n > 3, is used although in a different context.)
Note also that we used the same notation as before although the new functions r
and w are different from the old functions r and w, respectively. We are going to
use the new quantities below and in Subsection 2.3. The analogue of (1.7) is

A:%(Vrz-p+p-Vr2):rw-p+p-7“w- (2.7)

We fix the parameter R so big that Vr? = 2rw is complete in 2, cf. the properties
(4) (of Lemma 2.1) and X*\ €, be compact (see Remark A.3 for more details), and

so big that w - VVb(Q) = 0, cf. the properties (4) and ‘/;)(2) be supported in a bounded
set. The parameter € € (0, 1) is chosen such that € < ¢ where ¢ is given in Condition
1.4.

It is not known whether there is a Mourre estimate for the operator (2.7) (as for
the one defined by (1.7)). On the other hand, as the reader will see, the new A yields
some useful bound for super-exponentially decaying eigenstates. To our knowledge
such bound does not follow from using the previous operator A.

We compute

Vir = ¢'V*m + ¢"dm ® dm, (2.8a)
IV = rVPr + dr @ dr, (2.8b)
w - V|dr|* = 2V?r(w, w). (2.8¢)

In particular (seen by using (3) and (2.8a) twice) r and 72 are convex, and
w - V|dr|? > 2(¢")%¢"|dm|* > 0. (2.9)
By (1), (2) and the Euler’s homogeneous function theorem

T-Vm(x)=m(z) > 1; 2 :=z/|z|.
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Whence |dm| > 1, and we get from (2.9) the lower bound
rw - V|dr|? > cr=¢ for |z| large. (2.10)

2.2.2. Idea of procedure. Let us explain (formally) how we are going to use these
properties: For 0 > 1 we compute

i[Ho,e”" Ae”"| = e (i[H{, Al + o (p, A + Ap,))e’"; (2.11)
HY = Hy— % |dr|%,
pr=3w-p+p-w).
Here (formally)
i[Hy, A] = pV?rip — 1A% 4+ o%rw - V|dr|*.
Noting the formulas
A = 2rp, — i|dr|?,
A = 2p,r +i|dr|?,
this leads to the identity (cf. (2.3))
i[Ho, ™" Ae”"] = &7 (pV?r?p + dop,rp, — A% + o(or — Dw - V|dr[*)e”".
Applied to states localized at infinity and using (2.10) we then obtain that
e 7"i[Hy, e’ Ae""|e” 7" > dop,rp, — Cr~2 + o’er .
Computing and estimating
e 7V, e A7 e = —2rw - VV > —=Cr*,
we conclude using that € < min(e, 1) that at infinity
i[H, e’ Ae"] > o2ér e®".
Roughly our idea (to be implemented in Subsection 2.3) is to apply this bound to
a localization of any super-exponentially decaying eigenstate (localized at infinity).
By undoing the commutator (a virial type argument) we shall obtain a bound from

which we can deduce that the eigenstate vanishes outside a bounded set (done by

letting 0 — 00).

2.3. Implementation of idea. Under Condition 1.4 we shall show that
(H-—E)p=0, EER, andVYo >0: "¢ € H = L*(Q) (2.12)

= ¢ = 0 outside a bounded set. '

Here and below r is given by (2.6) with the parameters R and € as specified (although
above r could be replaced by |z| of course). For ¢ given asin (2.12) we let for o, v > 1

P = bow = X" Xy = X (r); (2.13)

here (1.14) is used. By assumption ¢, € ‘H. Putting H? = H — %]drP we note that
(formally)

(H” — B)b, = —iopsbo — i R0, (2.14)
where R(v) =i[Hy, x,] = Re (x}p"). Here and henceforth
p'f=-10"f = —iwV[;
whence p, = Rep’.
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2.3.1. Undoing the commutator. Using Lemma A.10, Corollary A.11 and Lemma
A.12 we can indeed “undo the commutator”

i[H?, A] := pV°rPp — LA%r? + o*r0"|dr|* — 2rw - VV, (2.15)
and use (2.14). Whence

(i[H?, A]),, = —20Re(p,A), —2Re(R(v)e”" " Ax,e”" ")) . (2.16)
The first term of (2.16) is computed
— 20 Re (p,A)
= —op,(2rp, — i|dr|*) + h.c. (2.17)

= —dop,rpr + O’(ar‘dT|2).

As for the second term we estimate (recall the notation y, =1 — x,)
. o(r—4v) o(r—4v)

2Re (R(v)e Ayxe Vo
< [e” M RW)G|I + | e Axe” 0|

ag\r— l/ 7 g\r—4av 2

< {Ihae” gl + 5l Ocpldr|? + X, (Ar)e” o }

+ {12r X xue™ PG|+ [Ixe (2r]drPx, + 20X |dr [ + 5 (Ar)x )e” 6|}
< CV|[xualpol|” + Cv2o?||¢]?
< Cv¥(p?), + CvPo?||¢||*.

2

Using infinitesimal smallness of the potential we have for some C' > 0
(p"), < (4H +C), = (4E + C)ll9lI*,
and we deduce that

—2Re <R(1/)e”(7’_4”)AXVe"(T_4”))¢ < Cvia?||¢|* (2.18)

2.3.2. Doing the commutator. On the other hand using (2.10) we obtain
(i[H7, Al),, > (o?rd"|dr|* — C’T‘min@’e))% > 025<T_E>% + (03T|d7’|2>¢0; (2.19)

this is provided v > 1 is sufficiently large. We fix any such v.

2.3.3. Final estimate and conclusion. We combine (2.16)—(2.19) and obtain that
Cv*a?||¢|)* > 4a<r>pr¢a + 0'25<T_6>¢0 > 026(7"_5)%.

Letting then o0 — oo we deduce that x4, (r)¢ = 0.
Finally Proposition 1.6 follows by invoking the unique continuation property (as-
sumed to hold).

APPENDIX A. JUSTIFYING COMPUTATIONS

In this appendix we show how to “undo the commutator” i[H, A]. We do it
simultaneously for the A given by (1.7) and the A given by (2.7) to justify (C.12)
and (2.16), respectively. For a different regularization procedure, see [Gri, Lemma
3.15].
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A.1. Setting. We shall work in a generalized setting on a Riemannian manifold
(see [Chal for geometric notions), and present all conditions needed for the argument
independently of the previous sections. The case of a constant metric is sufficient
for application to (C.12) and (2.16). The verification of the conditions below under
Condition 1.4 is straightforward.

Let (€2,9) be a Riemannian manifold of dimension d > 1, and consider the
Schrédinger operator on H = L2(Q) = L?(, (det g)/2dz):

H=Ho+V; Hy=—3A=1pig"p;, pi=—i0;

We realize H, as a self-adjoint operator by imposing the Dirichlet boundary con-

dition, i.e. Hy is the unique self-adjoint operator associated with the closure of the
quadratic form

<H0>¢ = <¢7 —%A¢>7 1/} € C(?O(Q)
We denote the form closure and the self-adjoint realization by the same symbol Hj.
Moreover, we consider the weighted spaces

H® = (Hy+1)"**H, seR,

and H, may also be understood as H* — H*"2, s € R. For the realization of
H = Hy+ V we assume the following condition:

Condition A.1. The potential V' is a locally integrable real-valued function, and
there exist § € [0,1) and C' > 0 such that for any ¢ € C(Q)

(V)| < 0(Ho)y + Cllv|I*.

By this condition we can extend the form domain of V as Q(V) = H!, and the
extended form defines a bounded operator V: H! — H~'. Henceforth we consider
H = Hy+V as a closed quadratic form on Q(H) = H' or, alternatively, as a bounded
operator H! — H~!. In Subsection A.3 we shall also consider the self-adjoint
realization of H on H (also denoted by H), which is the restriction of H: H' — H™!
to the domain:

DH)={ypeH |HpeH} CH.
We next assume a regularity condition for the (virtual) boundary of :

Condition A.2. There exists a real-valued function r € C*°(2) such that:

(1) The gradient vector field grad r* on € is complete.
(2) The following bounds hold:

sup |[dr| < oo, sup|V?*r?| < oo, sup|dAr?| < oo. (A.1)

Remark A.3. The function r of Condition A.2 is indeed a generalization of the two
r’s of Section 2. We refer to (2.1b) and Lemmas 1.2 and 2.1 for properties. Note
that in both cases the vector field gradr? is defined and complete on X D €, cf.
Lemma 1.2 (5) and Lemma 2.1 (1). The completeness on €2 is then valid intuitively
because the vector fields are tangent to the boundary 052, cf. Lemma 1.2 (2) and
Lemma 2.1 (4). Rigorously Condition A.2 (1) can be seen as a consequence of
Lemma 1.2 (2), Lemma 2.1 (4) and the inclusion

0f) C Ubeg(aQb + Xb),

indeed excluding that the flow can hit the boundary in finite time. Clearly Condition
A.2 (2) follows from (2.1b) and Lemma 2.1 (1).
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By Condition A.2 (1) the vector field grad 7? generates a one-parameter group of
diffeomorphisms on €2, which we denote by

I RxQ—=Q, (ta) o (A.2)
This satisfies by definition, in local coordinates,
Bule ) = gV (e%a) (9% (). (A.3)
itA .

We define the group of dilations e**: H — H with respect to r as the one-parameter
group of unitary operators

. det g(e*z)\ "/*
eAu(z) = J(e*;x)!/? (T;(m) u(e®z),

where J is the relevant Jacobian. Note that there is another expression:

et4y(z) = exp ( /0 LA () ds> u(ez). (A4)

We let A be the generator of e!*t. By the unitarity of e'*! the operator A is self-
adjoint, and C°(Q2) € D(A) is a core for it. In fact, the dense subspace C°(2) C H
is invariant under e*4, and for any u € C>°(£2) the limit

lim ¢~ (e — u)
t—0

exists in H. Note that by (A.4) (when applied to vectors in C°(€2)) the operator A
takes the form

A =i[Hy,r*] = 2{(0ir*)g"p; + pig” (0;7°)} = rp" + (p")"r,

where p" = —10" = —i(9;r)¢" 0;.
Let us first consider the commutator i[H, A] as a quadratic form defined for ¢ €

C(Q) by
(i[H, Al)y = i(H1p, Ap) — i((Ay, H1p).

In order to discuss its extension we impose the following abstract form bound con-
dition, which is not quite independent of Conditions A.1 and A.2 (see for example
[IS1, Corollary 4.2]).

Condition A.4. There exists C' > 0 such that for any ¢ € C°(Q)
(i, A)y| < C(Ho + 1)y

Similarly to the above, we henceforth regard i[H, A] as a quadratic form on
Q(i[H, A]) = H! (which may not be closed) or as a bounded operator H' — H~1.

A.2. Regularity properties of flow. We prove a regularity properties of the flow
(A.2) and its quantum implementation (A.4).

Lemma A.5. There exist d,C' > 0 such that for any t € R and x € ()
de=CM < g () gua (2 2) [Os(2w) 05 ()] < dell. (A5)
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Proof. We note that the expression in the middle of (A.5) is independent of choice
of coordinates. Fix z € 2 and choose coordinates such that g;;(z) = §;;. Consider
the vector fields along {e*z},cr given by d;e*x and d;e*'z. Since the Levi-Civita
connection V is compatible with the metric,

Gr (e ) [0,(e*x)"][0; ()] = 5(0ie™ x, 00 )
= (Va,e2t0ie* x, 0;e*'x) + (0;e* 1, V,e20,0;0*" 7).
(The definition of Vg,e2¢, is given below.) From (A.3) it follows that
Voe2t0:(€*2)® = 0,0;(e* x)* + [0,(e*2)F|T'3,0;(e* z)!
= 0;0,(e*2)® + (¢ 0, r*)I'3,0s(e*x)!
= [0;(e*2)*)0k (g™ Or?) + [0;(e* 2)|T3,6" " Oyr?
= Vo,e2ta(g”0r”)
— g6 (e22)*) (V2r2).
Thus, plugging this into (A.6) and taking a contraction with ¢ (z) = §”, we obtain

2473 (2)gm(€*2)01(e*2) 105 ()| < g () gua( e ) DK™ )05 ().

(A.6)

Noting g () gri(e* x)[0;(e* x)*)[0;(e*x)!])|,_, = d, we have (A.5). O
Lemma A.6. For any s € [—1,1] the inclusion e*AH* C H* holds, and
sup [ ) < 00 (A.7)
[t|<1

Moreover, €4 : H® — H?* is strongly continuous in t € R.

Proof. Let us first set s = 1. For any ¢ € C°(§2) we can compute by (A.4)
pi(ey) ()

, | | o A8
= ([ e ap@ar) ) as ) (40)(0) + [0 a (e py0) o). A

Here and below we slightly abuse notation writing (el*Ap;1)(z) rather than the
expression e/ (pj1))(e?x). Then by (A.1) and Lemma A.5 for any |t| < T

le* 9150 = lwll5, + llpe i3,
<3, + Crlle™wll3, + Crlle™ pul3,
< Crll¢li3-

By a density argument this implies e*4H! C H', and moreover for any ) € H' and
it <T

le* 130 < Crllv -

Thus (A.7) follows for s = 1. As for the strong continuity as H! — H!, we can show
it first on C°(2) using (A.8) and standard regularity properties for flows, and then
extend it by the boundedness.

We can show the same results for s = —1 by taking the adjoint, and then the
assertions are proved for s € (—1, 1) by interpolation. U
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Lemma A.7. There exists C > 0 such that for any |t| < 1
[He™ — ™ H|| g1 31y < Ct|

Proof. As a quadratic form on C2°(), or as an operator C>°(Q2) — H ™!,

t
HeltA . eltAH _ / %el(tfs)AHelsA ds
0

¢
:/ e A[H, Al ds.
0

Then by Lemma A.6 and the density of C>°(Q) C H! the assertion follows. O

Lemma A.8. The following strong limit to the right exists in B(H', H™1), and the
following equality holds

i[H,A] = S;lign t7H He™ — e H]. (A.9)
Proof. For any ¢ € C°(2)
t
tTHHe — e M H Y —i[H, AJp =t / {*[H, Ale=94 —i[H, A}y ds.
0

We use the strong continuity of e** of Lemma A.6 to obtain (A.9) on C>(Q).
Then by Lemma A.7 and the density argument, the strong limit of (A.9) exists in
B(H!, H™). O

Remark A.9. Using terminology of [GGM] Lemmas A.6 and A.7 assert that H €
ok (AH1, Agy— ) The statement (A.9) can be viewed as a consequence of this abstract
property, see [GGM, Proposition 2.29], however we gave the proof in our concrete
setting.

A.3. Applications. We shall henceforth use and consider the cutoff-functions of
(1.14) as being functions of the r from Condition A.2 (i.e. as composite functions).

Lemma A.10. Let ¢ € D(H). Suppose e”"¢,e"Hp € H for some o > 0. Then
e’ € D(H) and there exists a sequence ¢, € CX(QQ) such that, as m — oo,

167 (6 = dm) | + e (¢ — )l = 0, (A.10)
Proof. Step I. We first prove that "y, ¢ € D(H). Since ¢ € H!, we have
eo—riugba ea—ril/qué € Hu

and hence p;e”"x,¢ € H by (A.1). Choose a sequence ¢, € C°(2) such that, as
n — 0o,

|6 = énll + [lp(¢ — ¢n)l| = 0. (A.11)
Then by using (A.1) again we obtain
e Xudn = €7 X0, pie” Xobn — pie” Xo¢  InH.
This implies that ey, ¢ € H!. Note the distributional identity
He™'x,¢ = "X, Hop — e (0X, + X,)0"¢ — 5(2e7X,) 9. (A12)
Then since ¢, p;¢, Hp € H, and by (A.1)
Yo Ar] = Lx, [(Ar?) = 2|dr|?| < C, (A.13)
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we have He"Y,¢ € ‘H. Hence e”"x,¢ € D(H).

Step II. We next show that e”"p;¢ € H. Noting that "y, ¢ € H' as in Step I, we
commute and estimate by Conditions A.1 and A.2

le” xupoll* = Ipe” Xu8lI* — (Ve Xl — 3(Ae™"X7)) 4
< A(H) org, g+ Crolle™ o1
Whence, by reversing a commutation used above,
le” Xupol|* < 4Re (€7 X0, €7 Xy Ho) + Co e ||
< e Hl|* + Csole™ 9|,

Now we let v — oo invoking the Lebesgue dominated convergence theorem, and
we conclude that e?"p;¢ € H.

Step III. We show that e°"¢ € H!, and then we complete the proof. Note that
p;e”"¢ € H by Step II. We choose a sequence ¢,, € C®(Q) satisfying (A.11) as
n — oo, and consider the quantity

€770 — " X onll + (7" ¢ — € Xun)|. (A.14)
The first term of (A.14) is bounded by
1770 — 7 X dnll < 7 Xu 0l + 117 X0 (¢ — @),
and the second term bounded by
Ip(e”" ¢ — €7 Xu o) |
< ||peUTXV¢|| + Hpearj(u(gb - ¢n)|l
< [l xupoll + Colle” X2l + le” Xup(d — ¢n) | + Colle” Xav(d — ¢n)-

We can make (A.14) arbitrarily small by first fixing v large and then taking n large.
Whence we obtain a sequence of states ¢,y verifying

Hegr(b - earj(u(m)qbn(m) H + Hp(ear(b - em"f(v(m)@l(m))l‘ — 0 (A'15>

as m — oo, and hence e”"¢ € H*.
Finally using the distributional identity

Heo’r¢ — earH¢ o o_eo'rar(b o %(Aear)(b
we learn, cf. (A.12) and (A.13), that He”"¢ € H and hence that e”"¢ € D(H).
Clearly (A.10) follows from (A.15) by taking ¢, = Xu(m)®Pn(m)- O

Corollary A.11. Suppose ¢ € D(H) satisfies " ¢,e”" Hp, Ae” ¢ € H for some
0 >0. Thene’ ¢ € D(H)ND(A), and for allv > 1 also ¢ = x,e”"¢ € D(H)ND(A).

The following lemma is used in Subsection 2.3 to a state ¢ of this type, i.e.
Y= x,e7"¢ € D(H)ND(A). Another application is given in Appendix C (to derive
(C.12)).

Lemma A.12. Suppose 1p € D(H)ND(A). Then
(i[H, Al)y = i((Hy, Av) — i{Ay, HY).
Proof. By Lemma A.8
([H, A}y = lim(t™ [He" — e H]),, = i(HY, Ap) — (A, Hy)).
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APPENDIX B. MOURRE ESTIMATE

We shall prove Lemma 1.5 along the lines of the proof of [Sk2, Lemma 4.1, Corol-
lary 4.2, Proposition 4.4] and give some spectral consequences. The local uniformity
in energy property of the lemma is not included in the analogous version [Sk2,
Proposition 4.4], cf. Lemma 1.3. It is needed for the application in Appendix C.

B.1. Squeezing lemma. We introduce the following functions:
ns(t) = Xs(|t]), F(t <C) =1 xey(t)and F(t >C)=1—-F(t <C).
For any ¢ € A we introduce
H. = L*(Q°) @ L*(X.) = L*(Q° + X.),

and note that for all b C ¢ there is an embedding H. C H, due to the relation
Q¢ 4+ X, C Q" + X, In particular H = Ha,,,, C He C Ha,,, = L*(X). Recall that
H.=H*®1I+1® (3p?) and H*n = ( on L*(X*in) = C. By an approximation
argument the operator H, is realized as a hard-core Hamiltonian, more precisely
as the operator associated with the (naturally defined) Dirichlet form on Q(H,) :=
H(Q° + X,), cf. [Gri, Theorem 3.1]. Moreover a partial Fourier transform takes

it to the direct integral [ ®(H® + %ﬁf)dfc. We shall also use the local compactness
result

Vee B: (a9 (p9) ! e C(L (), (B.1)

where (p¢) = (—A,e + 1)1/2 is defined using the Dirichlet boundary condition. The
set of thresholds 7 is defined in terms of hard-core sub-Hamiltonians by (1.4) and
the function d is defined in terms of this set by (1.8).

Lemma B.1. Let € € (0,1], c € A and h® € L*>°(X°) with compact support, kK > 0
and E € R be given. Consider for 6 > 0 the operator

B. = he(z°)F(3p2 < d(E + €) — 2e)ns(H — E) € B(H, H.).
For all small enough § > 0 there exists K € C(H,H.) such that
|B. — K| < . (B.2)

Proof. Step I. We shall reduce the proof to proving the “uniform squeezing” result
(B.7). Note that indeed B, = (h¢(z°)QF.(p?))ns(H—FE) € B(H,H,.) with an obvious
meaning of F,. We abbreviate B. = (h° ® F.)ns(H — E). Obviously for ¢ = ayay it
follows from (B.1) that B, is compact, so in that case we can put K = B,.. To treat
the general case we pick a family {j,}, @ € A\ {a@max}, of functions on X each one
being smooth and homogeneous of degree 0 outside a compact set. We assume that
0<7a<1, > ,jo=1and that

3C > 0Vb ¢ a: |z|ju(z) < Clab|ja(x); x € X. (B.3)
We decompose

Bc = Z(hc ® Fc)jané(H - E>7 (B4>

a

and distinguish between two cases: 1) ¢ ¢ a, and 2) ¢ C a. Terms in the case 1) are
compact due to (B.1) and (B.3). Now consider case 2). We consider for ¢’ > 26 and
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large R > 1
Jans(H = E) = ny (Ha = E)Xr(|z])jans(H — E) + K + K(0")ns(H — E); - (B.5)
K = Xr(|z])jans (H — E),
K(0") = xr(|x)jany (H — E) = 15 (Ha — E)xr(|2])a
Here K is compact due to (B.1), and therefore (h° ® F.)K is compact. We claim

that also K(¢) is compact, however to see this the following mapping property is
needed: Due to (B.3) for R > 1 large enough

Xr(|z])ja € B(Q(Ha), Q(H)) = B(H(Q" + X,), Hy ().

Using a standard commutation formula, cf. [DeGé, Section C.2], we then obtain
that

K(9') =[C(Ha—2) "(=iRe (p- V(xria)) = Y ViXnia) (H = 2) " dps (2),
bZa

showing that indeed K (') € C(H,H,) C C(H, H.), cf. (B.1).

We have shown that (h¢® F.)K(0") € C(H,H.), and it remains to consider the
contribution from the first term in (B.5). We claim that ||(h° ® F.)ns(H, — E)|| is
arbitrarily small provided ¢’ > 20 is small enough finishing the proof. For that it
suffices (more precisely) to show that

},ILI%) sup ||(h°® Fo)ns(H®* + %52 — E)|’3(L2(Qa)7q.[c) =0. (B.6)

a€Xq

Reintroducing arguments, (B.6) in turn follows from
lim sup [[h(z) P52 < d(E' + ) — 265 (H" — B lzqamy g = 0. (B.7)

50 pr<p
Note that since ¢ C a we can write p? = (p%)*+p?, and therefore due to the property
d(t) <d(s)+t—sfort>s, (B.8)
indeed
F(%pg < d(E + €) — 2¢) :F( (p*)? <d(E—|—e)—26——pa)
< FA(pl)? <d(E' +¢€)—26); E'=F—Lp.
Step II. We formulate a slightly stronger statement than (B.7). Introduce for ¢ C @’

the set Pg/ = UycicarOpp(H?) and the following distance function given for ¢ C a
and for fixed £ € R,

0 (1) = infepaq)(t —7) 'for P(t) :==PiN] — oo, t] # 0, (B.9)
max(1, E + 1 — inf Pgmax) for P(t) = ().

C

Now we replace d in the argument of the factor F' in (B.7) by d%. More precisely we
introduce

Fo = FA((p2)?) = PL(0)? < d2(E' +€) — 2e),
and we claim the following statement for all € > 0:
lim sup ||BZ(0, £, €)||lr2(0e)1.) = 0; (B.10)
E'<E

6—0

BI(0, E' e) := (h*(a%) @ Fc“((p?)Q))na(H“ - E).
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From the definitions (1.8) and (B.9) it follows that d(t) < d%(t) for all t < E+1 (for
e€(0,1], E € R and ¢ C a # amayx). Whence indeed (B.10) is stronger than (B.7).

Step I11. We shall show (B.10) by induction in a € A (more precisely in #a) con-
sidering arbitrary ¢ C a allowing ¢ = ap;, and (for convenience) also ¢ = apax. We
shall use that the bound (B.8) is valid with d replaced by d* leading to the general
properties:

di(t+e€) —2e < di(s+¢€/2) —efor |t —s| <e€/2, (B.11a)
d% (t) <d%(t) for ' € ¢ cd Ca” and t < E+ 1. (B.11Db)

First in the case a = ¢ (the start of induction) we look at fixed £’ < FE only,
amounting to showing

: a / o
gl_rf(l) ||Bc (6, E 7€)||B(L2(Qa),7-[c) = 0. (B12)

In this case (p?)*> = 0 so that we can assume that d?(E’ + ¢) > 2¢ excluding that
E" € o,,(H"). Whence by compactness, cf. (B.1), indeed (B.12) follows for a = c.
Moreover we can show that the limit (B.12) is attained uniformly in E' < E (still
for a = ¢): Suppose not. Then there exist 6, — 0 and E/ < F such that

lim inf ||Bg(6n, E:l, E)||B(L2(Q“),Hc) > 0. (Bl?))
n—+00

We can assume that £/, — E’. But due to (B.11a) we can decompose for any 6 > 0
and for all large n

Bg<5na E;u 6) = BTLB::I((S’ El? 6/2)775;1(]—‘[(1 - E?”L)7

where B, = F(3(p?)* < d2(E], + €) — 2¢). The middle factor has arbitrarily small
norm (when taking 6 — 0), while the other factors have norm < 1. This contradicts
(B.13).

Now suppose we have proven (B.10) for all a D ¢ with a # apax (the induction
hypothesis). Then it remains to verify the statement with a replaced by apax. By
the previous argument we can assume ¢ C apax. We proceed decomposing as in
(B.4) and (B.5) with E and F, there replaced by E’ < E and F2™x, respectively.
In case 1) ¢ ¢ a we argue as above taking 6 — 0 (the terms vanish identically for
E'" € o,,(H), and whence they vanish in the limit uniformly in £/ < F). In case
2) ¢ C a there are again three terms to consider. The (compact) terms involving K
and K (0') (where ¢’ > 26) are treated as above (again the terms vanish identically
for E' € o,,(H), and whence they vanish uniformly in £’). So it remains to consider
the contribution from the first term. Using (B.8) (for d%==) and (B.11b) we estimate
(using that p? = (p2)? +p2, B’ < E and € < 1)

den (B + €) = gpg < d" (B — 3pp + €) < dp(E' — 3p; + ),
yielding the following bounds:
1(h¢ @ FZm=)ne (Ha — E')xr(|2])jans(H — E)||
< [I(h @ FE™>)nsy (Ha — E')|
< sup ||B2(0", E” €]
EN<E

< sup ||B4(d, E" €)|.
E'<E
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The last expression vanishes in the limit ¢ — 0 (by the induction hypothesis). So
by first choosing (and fixing) small 6’ > 0 (to make this expression small) and then
letting (0,6'/2] 5 § — 0 in agreement with the previous considerations the proof is
complete. O

Proof of Lemma 1.5. Let € € (0,1] and I C R be compact (this € will play the role
of the x in the lemma). Clearly the second term to the right in (2.4) is small for all
large R. As for the first term we estimate

2 Z G.RD} QR > 4k — 4k Z @b, Xe (37 — d(E + €) + 4€) gy, r;
b k = max(0, d(bE + ¢€) — 4de).
By commutation we obtain that uniformly in £ € I and € € (0, 1]
O.R XE(%pz —d(E+¢€)+4€)qp.r = Re (qiR)Ze(%pg —d(E+¢€)+ 46)) + O(R™?).

Due to Lemma 1.2 (4) we can freely insert a factor of h®(z?) = y,,r(|2°|) at the
factor of qg’ g to the right. Using the Cauchy-Schwarz inequality and the bound
> qg{R < 1 we then obtain for any x > 0

22%,sz W.r >4k — K — % ZT;Tb _CR:
’ b

T, = h*(2")X(3p; — d(E + €) + 4de),

here C'is a positive constant that can be chosen independently of E and € as above.
In particular we have for all R > R(k) (with R(k) large) that

i[H, Ag] > 4k — 2k — %N " T;'T;,
b
Next we localize in energy and obtain in agreement with Lemma B.1 that for any
given € > 0
> mps(H — EYT;Tynas(H — E) = K + T,
b
where K is compact and ||T|| < ¢’; this is provided ¢ > 0 is taken small enough.
Whence we have for all R > R(x) and all small § > 0
ws(H — EY[H, Aplns(H — E) > ns(H — E) (4 — 26 — %2 — K)s(H — E)

with K compact. We fix k, € > 0 such that 2x + %e’ < 4e for all E € I, leading to

ns(H — E)i[H, Ap]ns(H — E)

> 4ns(H — F)(max(0,d(E + €) — 4¢) — e — K)ns(H — E)

> 4ns(H — E)(d(E +¢€) — 5e — K)ns(H — E)

for all R > R(e,I) > 0 and all sufficiently small § > 0. We have proved Lemma 1.5
with k = €. O
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B.2. Spectral consequences. Although these properties are not needed for the
main theme of this paper we briefly discuss some consequences of Lemma 1.5 of
independent interest, cf. [Sk2, Corollary 4.5].

Corollary B.2. The following properties hold for the Hamiltonian H :

i) The set of thresholds T s closed and countable, and the set of eigenvalues
opp(H) \ T is discrete in R\ T. These eigenvalues have finite multiplicity.
ii) The singularly continuous spectrum og.(H) = ().

Proof. We will use tacitly below that i[H, A] is a commutator in the sense of Lemma
A.8. In particular (for 1)), since op,(H*n) = {0}, it follows from Lemma 1.5 that
opp(H*)\{0} is discrete in R\ {0} for all 2-body sub-Hamiltonians H*. By induction,
repeating this argument, indeed i) follows.

As for ii) we note that the version of the Mourre estimate of Lemma 1.3 (with
L*(X) there replaced by H) follows from Lemma 1.5 and the closedness of 7. Com-
bining this with the property H € C? (A'HI,A’H—I), cf. Remark A.9, there is a
limiting absorption principle away from 7 which is immediately seen from the proof
of [BMP, Theorem 2.1}, see also [ABG, Theorem 7.5.4]. In particular ox.(H) = () in
agreement with [BMP, Theorem 2.1]. O

Remark B.3. The first part on the structure of the sets of thresholds and eigenval-
ues is also proved in [BGS, Gri]. The second part on absence of singularly continuous
spectrum is not discussed in [Gri|. It is proved in [BGS] under some regularity con-
ditions, see [BGS, Theorem A]. These conditions are not needed in our approach.

APPENDIX C. EXPONENTIAL DECAY

In this appendix we are using the potential function r from Subsection 2.1 and
the operator A = Apg given by (1.7). (The parameter R > 1 needs to be adjusted
according to an applicaton of Lemma 1.5.) We shall show

Proposition C.1. Suppose H does not have positive thresholds. If ¢ € D(H)
satisfies Hp = E¢ for some E > 0, then "¢ € H for any o > 0.

We shall use the (familiar) notation
W= VT, pT = —-i0" = w "D, Dr = Repra
H' =D(|Ho|'?), H'=(H")"

We shall use the cutoff-functions x,,,» = x, X of (1.14) considered as functions of
the function r. We introduce the regularized weights

O(r) = 0%°(r) = or + dr(1 + L)
for 0,0 > 0 and m > 1, and denote the first and the second derivatives in r by
O =0c+51+L)2 O =-2(14L)7 (C.1)
Set
Ho =e¢°He © : = H — 1|dOJ + ipe; (C.2)
pe =Rep®, p°=VO.p=07"
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We are going to consider Hg as an operator acting on suitable functions with
bounded support, see (C.11). For the following intermediate result the interpre-
tation is partially different (to be reversed in (C.12)). More precisely for the left
hand side of (C.3) stated below we have, cf. (2.11),
2Im(A(He — E)) =i[H, A] +rd"|dO* + (peA + Ape),
and here the first term to the right is given by its formal expression (2.3), that is
i[H, Al = pVr?p — iAQTQ —2rd"V.

Note that due to (2.1b) this expression as well as the second term are bounded
quadratic forms on H!. Similarly the third term has a clean meaning as a form on

the set of functions in H! with bounded support. The term Re(B(He — E)) of (C.3)
is also a bounded quadratic form on H!.

Lemma C.2. Suppose H does not have positive thresholds. Let E > 0 and oy > 0
be given. Then there exist Ry > 1 such that for all R > Ry there exist €,69 > 0: For
all o € [0, 00 there exists B € B(H) N B(H™') such that for all large v > 1, and all
V' >2u, 6 €(0,00] and m > 1, as a quadratic form on H?,

Xvw2Im(Ar(He — E)) Xy > XW/(E — Re(B(Hg — E)))Xw/. (C.3)
Proof. Fix any € < 4E, € > max(0,4E — 96). We will apply Lemma 1.5 to k =
K'/16 > 0 given by € = 4E—6x’ and with I = E+0, 303]. This fixes Ry > 1. Whence
we consider R > Ry and energies E e I. Fix such R. There is a neighbourhood
V =V(o) of E := E + 30?, 0 € [0,00], and a compact operator K = K(o) on H
such that

F(H)'[H, Aglf(H) > f(H)"(AE — &' — K) f(H) for all f € CZ(V).

By using the Cauchy-Schwarz inequality and (2.3) we obtain from this bound that
for some positive constants C' and ¢

i[H,Ap] > 4E — 2+' — K — Cx;(|H — E|)(H). (C.4)

Next by a compactness argument we can find C' > 0 and 5 independent of o € [0, o¢|
such that (C.4) is valid for all ¢ € [0, 0p]. Given these properties we fix

B 1= Cx3(H — BI)(H)(H - B)™.
Note that B = B(o) € B(H) N B(H™!) with norms being uniformly bounded in
o € ]0,00], and that we have shown
i[H,Ag] > 4E — 2’ — K — B(H — E). (C.5)

It remains to choose a dy € (0, 1] independently of o € [0, o0, to pick vy = (o) > 1
and to verify (C.3) uniformly in the parameters v/ > 2v > 21, § € (0,0] and
m > 1.

We obtain from (C.5), omitting for simplicity here and below factors of x, ., to
the left and to the right,

2Im(A(He — E)) > 4E — 2+’ — K — Re(B(He — E))
+7(8"|d6]*) — 1 Re(B(|dO|* — ¢°)) — Im(Bpe) + 2Re(Apo).
For v > vy (with v sufficiently large)
xvKx, > —FK. (C.7)

(C.6)
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We shall demonstrate the lower bound —3x’ for the sum of the last four terms on
the right hand side of (C.6) completing the proof. Let us recall that (2.1a) is valid
for the rescaled r = rg we are using here. Note also that according to (2.1c) we
have for some Cy > 0

I|dr|? — 1| < Co(z/R) 2. (C.8)
By using these properties and (C.1) we obtain for any ¢y > 0 small enough
rd"|dO* = (&')%rd"|dr|* + 2r©"€|dr|*
Z —450(00 + 50)|d7“|4
Z —450(00 + 50)(1 + 00)2 Z —K/.

Similarly using (C.1), (C.8), the Cauchy-Schwarz inequality and the uniform
boundedness of B stated above we derive

—%Xu Re(B(|dO]* — ¢%))x, > —+. (C.9)

This is for any small d; > 0 (smallness being independent of o € [0, 0¢]) and for all
v > 1 sufficiently large.
Next, noting the expressions

A=rp + (p")r = 2pr +i|dr|?,
pe = O'p, — §|dr|*0",

we compute with § = (|dr|? + $B)©' + r|dr|?©” and any € > 0,

— Im(Bpe) + 2 Re(Apo)

= 4p,r®'p, — 2Im (Sp,) + Re ((|dr|* + $B|dr|*)0")

> 4p, {r®’ — L|SP}p, — € + Re ((|dr|* + 1 B|dr[*)0").
We shall use this estimate with factors of x,,/ to the left and to the right heading
at proving (C.10) below. Fix ¢ = &’/2. The contribution from the third term
on the right hand side is small, say > —~x'/2, when J, is taken small (obviously
deduced from (C.1), (C.8) and the uniform boundedness of B). This fixes a small

do € (0, 1] (which indeed is independent of ¢). The contribution from the first term
is non-negative as shown as follows: It suffices to show that

Xu/2,2u’{7"@, - $|S|2}XV/2,2V/ > 0.
By factorizing
S=(Ty+To)Vre; Ty = (|dr|* + 5B) /O /r, Th = r|dr[?0" /Vre,
it suffices to show that
XV/2,2V’{45/ - 2|T1|2 - 2|T2|2}XV/2,21/’ > 0.

This is valid for all ¥ > 1 sufficiently large (uniformly in parameters). Hence, in
conclusion,

X,/ ( —Im(Bpe) + 2 Re(Ap@))Xy,,/ > —K. (C.10)

By (C.6)—(C.10) the asserted inequality (C.3) is valid uniformly in the parameters
V' >2v > 2w, 0 € (0,00] and m > 1. O
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Proof of Proposition C.1. We let E and ¢ be as in the proposition. Set
oo =sup{oc >0 e”"¢p € H},

and assume oy < co. We fix (large) R > 1 and (small) €,dy > 0 in agreement with
Lemma C.2 (with this oy as input). If op > 0, we choose o € [0,0¢) and 0 € (0, o]
such that o + 6 > 0g. If 09 = 0, we set ¢ = 0 and choose any 6 € (0, dy]. In both
cases we have e?"¢ € H, and we fix B and v > 1 in agreement with Lemma C.2.
We then have the estimate (C.3) at our disposal for all v/ > 2v and m > 1.

We shall apply this estimate in the state

o,8
b0 = %9 = %0,

Due to Lemma A.10 we have ¢g € H!.
We note, putting R, = i[H, x,] = Re (x,p"),

I(H@ — E)Xl,,,,/(ﬁ@ = in,7,/e@(H — E)Qb + eG(R,, — R,/)(b
- GG(RV - R,/)gb

In particular x, , ¢e € D(H)ND(A). Due to Lemma A.12 and (C.3) we therefore
have

EHXW/(?@HZ < 2Im<AXz/,u’¢®7 (H® - E)XV,V’¢®> - Re<B<H@ - E>>Xl,,l,/¢e' (C'12)

Let us estimate the right hand side. For the first term of (C.12) we use (C.11) and
obtain

(C.11)

2Im(Ax,,pe, (Ho — E)Xvu9o)
= —(Ape,e®(R, — R,)¢) + h.c.
< Co(lIxv/29l” + 1xus2p0ll)
+ Con([IV7 VX207 1> + |V 7V X 2007 DO

Here and below the constants C', and C,, are independent of / > 2v, and in addition
C, is independent of m > 1. Similarly (using the boundedness of B) we can estimate
the second term of (C.12) as

—Re(B(He — E))y, 100 < §lxvardell” + Collxveoll” + xu/2081°)
+ ColIV1/V X020 I + 1N/ 7 /0 X207 DO).
Hence we have proved (with new constants)
<Xl < Culllxe2dl + Ipol)
+ Con([IV1/V X027 BN + 1N/ 7/ VX207 DOI).

Now let v/ — oo in this estimate invoking Lebesgue’s dominated convergence the-
orem (and Lemma A.10). This makes the second term disappear, and consequently
we are left with the bound

o,0
I 1 < 22 (Ilx0 201> + 10 /208]|°)- (C.13)

By letting m — oo in (C.13) invoking Lebesgue’s monotone convergence theorem
we conclude that x,e®t97¢ € H. This is a contradiction since o + 6 > oy. U
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