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Background

Background

c-map introduced by Cecotti et al. (1989), further explicit local expressions
in Ferrara and Sabharwal (1990).
Two forms

1 rigid: special Kähler manifold dim = 2𝑛 gives hyperKähler manifold
dim4𝑛

2 local: projective special Kähler manifold dim2𝑛 gives quaternionic
Kähler dim4𝑛 + 4

de Wit and Van Proeyen (1992) used this to show the classification of
Alekseevskiı̆ (1975) completely solvable quaternionic Kähler Lie groups
was not complete; fixed subsequently by Cortés (1996).
Freed (1999): mathematical descriptions of special Kähler manifolds,
projective special Kähler manifolds and the rigid c-map, explaining ideas
of Donagi and Witten (1995) for algebraic integrable systems.
Today: explain different ingredients of the c-maps, via moment maps and
the twist
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Twists and duality

The twist construction

𝑃

𝑀 𝑊

�𝑀 �𝑊

𝑃 → 𝑀 a principal 𝑆1-bundle,
symmetry 𝑌, connection 1-form �, curvature �∗𝑀𝐹 = 𝑑�

𝑆1-action on𝑀 preserving 𝐹,
symmetry 𝑋, horizontal lift �̃� ∈ H = ker �
𝑋′ = �̃� + 𝑎𝑌 on 𝑃 preserving � and 𝑌
𝑑𝑎 = −𝑋 ⌟ 𝐹
𝑊 = 𝑃/𝑋′, has action induced by 𝑌
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Twists and duality

Geometric duality

𝑃,H

𝑀 𝑊

𝑋 ⌟ 𝐹 = −𝑑𝑎

𝛼 an invariant tensor on𝑀
isH -related to 𝛼𝑊 on𝑊
if �∗𝑀𝛼 and �∗𝑊𝛼𝑊 agree onH

Exterior derivatives are related by

𝑑𝛼𝑊 ∼H 𝑑𝛼 − 1
𝑎𝐹 ∧ (𝑋 ⌟ 𝛼)

Swann (2010)

Reproduces formulas derived from T-duality in Gibbons et al. (1997)
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HyperKähler metrics

HyperKähler quotients

(𝑀, 𝑔,(𝐼 ,(𝐽 ,(𝐾) is hyperKähler if (𝐴 are symplectic forms and 𝑔 is a
pseudo-Riemannian metric such that 𝐼 = 𝑔−1(𝐼 , etc., satisfy
𝐼2 = −Id = 𝐽2 = 𝐾2 and 𝐼𝐽 = 𝐾 = −𝐽𝐼.
𝑔 is then Ricci-flat and 𝐼, 𝐽,𝐾 integrable.

Given a symmetry 𝑋 preserving each of 𝑔, (𝐼 , (𝐽 , (𝐾 , a hyperKähler
moment map is an invariant function

� = (�𝐼 ,�𝐽 ,�𝐾) : 𝑀 → ℝ3

such that 𝑑� = (𝑋 ⌟ (𝐼 ,𝑋 ⌟ (𝐽 ,𝑋 ⌟ (𝐾).
Hitchin et al. (1987): the corresponding quotient𝑀///𝑋 = �−1(𝑐)/𝑋 is
hyperKähler if 𝑐 is a regular value.

Example𝑀 = ℝ4 = ℍ flat, 𝑋 generating 𝑞 ↦→ 𝑒i𝑡𝑞,
�(𝑞) = 1

2𝑞
𝑇 i𝑞 =

( 1
2 ( |𝑧 |

2 − |𝑤 |2),Re(𝑧𝑤), Im(𝑧𝑤)
)
.
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HyperKähler metrics

HyperKähler modifications

𝑀 hyperKähler with tri-Hamiltonian circle action. A basic modification
(Dancer and Swann 2006) of𝑀 is the hyperKähler manifold

𝑀mod = (𝑀 ×ℍ)///diagonal action.

Example Each Gibbons-Hawking metric in dimension 4, is obtained
from flat ℝ4 or flat 𝑆1 × ℝ3 by successive hyperKähler modifications.

Theorem (Swann 2016)
𝑔mod is the twist of

𝑔 = 𝑔 + 1
2∥�∥𝑔ℍ𝑋

where 𝑔ℍ𝑋 = (𝑋♭)2 + (𝐼𝑋♭)2 + (𝐽𝑋♭)2 + (𝐾𝑋♭)2.

General modifications are obtained by replacingℍ by an arbitrary
hyperKähler four-manifold with tri-Hamiltonian symmetry.
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HyperKähler metrics

Elementary deformations

An elementary deformation of 𝑔 is

𝑔 = 𝑓 𝑔 + ℎ𝑔ℍ𝑋 .

Theorem (Swann 2016)
If 𝑋 is a tri-Hamiltonian symmetry, then (up to scale) the elementary
deformation twists to a hyperKähler metric if and only if the twist is a
general hyperKähler modification.

A rotating action is an isometry with

𝐿𝑋(𝐼 = 0, 𝐿𝑋(𝐽 = (𝐾 , 𝐿𝑋(𝐾 = −(𝐽

Theorem (Maciá and Swann 2015)
If 𝑋 is a rotating symmetry, then (up to scale) the twist of an elementary
deformation is quaternionic Kähler if and only if 𝑓 = (�𝐼 − 𝑐)−1
and ℎ = −(�𝐼 − 𝑐)−2.
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HyperKähler metrics

Converse construction

Theorem (Haydys 2008)
If 𝑋 generates a circle action on quaternionic Kähler𝑀, then for the
tri-Hamiltonian lift 𝑋′ to the hyperKähler coneU(𝑀), we haveU(𝑀)///𝑋′
is hyperKähler with a rotating symmetry.
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Special Kähler geometry

Special Kähler manifolds

Question Given (𝑀, 𝐼), simplest way for 𝑇 ∗𝑀 to be hyperKähler?

𝑀 an 𝑛-manifold. Bundle � : GL(𝑀) → 𝑀 of frames 𝑢 : ℝ𝑛 �−→ 𝑇𝑎𝑀.
Canonical one-form �𝑢 (𝑋) = 𝑢−1(�∗𝑋).

𝑇 ∗𝑀 = GL(𝑀) ×GL(𝑛,ℝ) (ℝ𝑛)∗ 𝑣 ◦ 𝑢−1 ← � (𝑢, 𝑣)
𝑇 ∗𝑀 is symplectic, canonical (𝐽 = 𝑑(𝑥�), where 𝑥 = Id(ℝ𝑛)∗ .
∇ any connection on𝑀, connection one-form (∇.
Define 𝛼 = 𝑑𝑥 − 𝑥(∇ on GL(𝑀) × (ℝ𝑛)∗. Then

𝑇 (𝑇 ∗𝑀) = V ⊕ H withH𝑝 = ker𝛼 � 𝑇𝑥𝑀,V𝑝 � 𝑇 ∗𝑥 𝑀.

Lemma
(𝐽 = 𝛼 ∧ � if and only if ∇ is torsion-free.
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Special Kähler geometry

Complex structures

(𝑀, 𝐼) an almost complex, tangent spaces modelled on (ℝ𝑛, i). Canonical
complex-valued symplectic form

(𝐽 + 𝑖(𝐾 = 𝑑(𝑥�) − 𝑖𝑑(𝑥i�).

Proposition
For ∇ torsion free, (𝐾 = −𝛼i∧ � if and only if 𝐼 is integrable and ∇ is special:

(∇𝑋𝐼)𝑌 = (∇𝑌𝐼)𝑋.
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Special Kähler geometry

The rigid c-map

( a Hermitian two-form on (𝑀, 𝐼), giving metric of possibly indefinite
signature, then

�∗( = −�𝑇 s ∧ �, s = diag(±i2, . . . ,±i2).

Proposition

(𝐼 =
1
2
(
𝛼s ∧ 𝛼𝑇 − �𝑇 s ∧ �

)
, (𝐽 = 𝛼 ∧ �, (𝐾 = −𝛼 ∧ i�

is a hyperKähler triple if and only if (𝑀, 𝑔, 𝐼,∇) is special Kähler: (𝑀, 𝑔, 𝐼)
Kähler with ∇ flat, symplectic, torsion-free and special.

The rigid c-map is the construction of (𝑇 ∗𝑀, 𝐼, 𝐽,𝐾) from special Kähler
(𝑀, 𝑔, 𝐼,∇).
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Special Kähler geometry

Extra symmetries

Special Kähler: (𝑀, 𝑔, 𝐼,∇) Kähler with ∇ flat, symplectic, torsion-free
and special.
Flatness implies locally there is a horizontal section 𝑠 of Sp(𝑀).
So 𝑠∗(∇ = 0 and 𝑠∗� satisfies 𝑑𝑠∗� = 𝑠∗(−(∇ ∧ �) = 0. Thus there are local
symplectic coordinates 𝑦 : 𝑀 → ℝ𝑛, 𝑑𝑦 = 𝑠∗�.
Now

(𝐼 =
1
2
(𝑑𝑥s ∧ 𝑑𝑥𝑇 − 𝑑𝑦𝑇 s ∧ 𝑑𝑦), (𝐽 = 𝑑𝑥 ∧ 𝑑𝑦, (𝐾 = −𝑑𝑥 ∧ i𝑑𝑦.

In particular, translations along the fibre, i.e. in 𝑥, are hyperKähler
isometries.
There are 2𝑛 such translations giving a holomorphic completely integrable
system.
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Local c-map

Conic special Kähler manifolds

(𝑀, 𝑔, 𝐼,∇) special Kähler is conic if there is a non-null vector field 𝑌 with

∇𝑌 = −𝐼 = ∇LC𝑌.

Then 𝑌 is a holomorphic isometry, and 𝐼𝑌 is a homothety preserving 𝐼
and ∇.
� = 𝑔(𝑌,𝑌)/2 is a Kähler moment map for 𝑌.
�−1(𝑐)/𝑌 is a projective special Kählermanifold 𝑆.
(Intrinsically: Mantegazza 2021, group case Maciá and Swann 2019.)

The horizontal lift 𝑌 of 𝑌 to 𝑇 ∗𝑀 is a rotating symmetry of the
hyperKähler structure. Using the twist we obtain a quaternionic Kähler
manifold 𝑄.
The local c-map is the passage from projective special Kähler 𝑆 to
quaternionic Kähler 𝑄.
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Local c-map

Signatures and basic examples

𝑆 projective special Kähler, signature (2𝑛, 0).

𝐶 → 𝑆 conic special Kähler, signature (2𝑛, 2).

𝐻 = 𝑇 ∗𝐶 hyperKähler, signature (4𝑛, 4).

𝑄 quaternionic Kähler twist of𝐻, signature (4𝑛 + 4, 0) or (4𝑛, 4).

Cortés et al. (2012): 𝑆 complete implies 𝑄 complete.

Example(s) 𝑆 = ℝ𝐻 (2) hyperbolic plane.
Homogeneous: affine group with Lie algebra [𝐴,𝐵] = �𝐵, orthonormal.
𝑆 is projective special Kähler only for �2 = 4 or 4/3.
�2 = 4, the conic special Kähler manifold is flat, 𝑄 = Gr+2 (ℂ2,2).
�2 = 4/3, get 𝑄 = G∗2/SO(4).
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Local c-map
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Local c-map
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Local c-map
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